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Abstract: The present work proposes a new model for biodiesel combustion 

in an internal combustion engine. This model first includes the balance 

equations of gas dynamics with heat release. Secondly, a model with special 

properties that take into account turbulence effects is incorporated. The 

chemical models implemented in this study are for a biofuel used at less than 

100% and for biodiesel-diesel blends. The resulting model is a coupling of 

equations describing the combustion of biodiesel with premixing. The model 

obtained is interesting and applicable to a wide range of combustion 

problems without major modifications. It is then proposed to the scientific 

community in order to develop internal combustion engines capable of 

meeting future political expectations regarding the reduction of pollutant 

emissions from the combustion of internal combustion engines. 
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Introduction 

The adverse effects of global warming, attributed mainly 

to greenhouse gas emissions, are having a considerable 

impact on the way we see the world and in particular on the 

use of energy resources. While a medium-term solution to 

the problem of pollutant emissions from the transport sector 

is awaited, internal combustion engines remain an effective 

means of logistics. A distinction is made between internal 

combustion engines (type I) and external combustion 

engines (type II). The two categories are distinguished by 

their mode of combustion. Type I engines burn within the 

engine, while type II engines burn outside. Type I engines 

are the most prevalent in the industrial sector. 

One engine of this type whose performance is well-

known is the diesel engine. They are the most sought-after 

for their adaptability and resistance to high combustion 

speeds (combustion with turbulence). Another major 

advantage of diesel engines is their ability to run on 

several types of fuel (diesel, biodiesel, biofuels, etc.). The 

performance of these engines with conventional fuels is 

well documented in the literature (Khoobbakht et al., 2019; 

Kibiwot et al., 2024). Nevertheless, the performance of 

these engines with biodiesel remains a subject of active 

research in numerous laboratories. The development of 

additional biofuels is underway with the objective of 

optimizing engines. However, in this context, it is of 

paramount importance to identify sustainable solutions 

for optimizing internal combustion engines, particularly 

those that respect the environment and guarantee human 

health. Heat engines are employed in motor vehicles to 

provide traction power. 
Modeling represents a crucial element in the 

understanding of the physical processes involved. In 

contrast to experimentation, which may be more costly, 

modeling is preferred due to its relatively low financial 

cost. In order to gain a comprehensive understanding of 
the physical and thermodynamic processes involved, it is 

necessary to develop more comprehensive mathematical 

models with a minimal number of variables. 

Several turbulence models have been developed for 

fuel combustion in diesel engines. Abdelrazek et al. 

(2023); Basevich et al. (2023); Gammaidoni et al. (2024). 

The main aim of these models is to reduce exhaust 
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emissions and improve engine energy efficiency. This 

was once done by the so-called experimental method 

(Yesilyurt, 2019; Kale and Krishnasamy, 2024). This 

alternative or complementary numerical method, which 

overcomes the indeterminacies of the experimental 

method, is the use of robust and powerful computer 

simulation techniques. It makes it easy to obtain 

reliable results at reduced time and cost. Computational 

Fluid Dynamics (CFD) has thus become an essential 

discipline for advancing engineering science in general 

and automotive engineering in particular. An 

alternative approach to direct numerical simulation of 

turbulent combustion of gas mixtures is suggested 

(Basevich et al., 2023). This model is based on the 

solution of the 3-dimensional transport equations for 

species concentrations and the energy conservation 

equation in a homogeneous, isotropic, and statistically 

stationary (forced) synthetic turbulence field at constant 

pressure. The detailed reaction mechanism is also 

considered (Basevich et al., 2023). 
Recent fundamental advances in the modeling and 

computational power of the codes that have been set up 

reveal the greater attention that scientists and engineers 

are paying to CFD. Computational Fluid Dynamics (CFD) 

has a random and non-constant nature, making its 

prediction by the theoretical approach complex. The study 
of turbulence is therefore essential, as it plays a 

fundamental role in CFD. Taking turbulence into account 

means formulating assumptions about the transport 

process and establishing links between different physical 

parameters in the time-averaged flow (Li et al., 2024b; 

Özyalcin et al., 2024). 

Several studies available in the literature propose the 

possibility of reducing pollutant emissions from engine 

combustion by using new combustion models. The study 

on the combustion properties, performance, and 

emissions of a single-cylinder diesel engine fueled with 

both diesel fuel and different volume percentages of 

Castor Methyl Ester (CME) has been exposed by Salman 

Edam and Al-Dawody (2019).  

Aydın et al. (2020) developed an optimized artificial 

neural network model using response surface 

methodology when analyzing the performance and 

emissions parameters of a single-cylinder diesel engine 

fueled by biodiesel blends of formula C18H34 and pure 

diesel. The results obtained reveal that the proposed 

model correctly models exhaust emissions and 

performance parameters, with regression coefficients 

ranging from 0.8663-0.9858. The maximum mean relative 

error is less than 10% compared with experimental results. 

The response surface methodology demonstrated that a 

biodiesel content of 32% with an engine load of 816 W and 

an injection pressure of 470 bar are the optimum engine 

operating parameters. Postawa et al. (2024) investigated 

the feasibility of constructing artificial neural networks to 

predict feedstock and emission parameters from vineyard 

biomass combustion by implementing a novel dual 

artificial neural network model. The study showed that the 

final networks had a relative error of between 0.81-2.83% 

and the resulting dual neural network up to a maximum of 

2.09%. Neural networks are also employed in the 

modeling of turbulent combustion in engines. In this 

approach, models derived from biological research are 

utilized to design computer architectures that can fulfill 

specific missions. Artificial neural networks have 

advantages and disadvantages (Baqer, 2024; Li et al., 

2024a). These advantages include: Machine learning 

(they can learn from input data and adjust their weights to 

improve performance. This enables the model to be 

adapted to the specific characteristics of internal 

combustion engines), its ability to model complex 

relationships (they can capture non-linear relationships 

between variables, which is essential for modeling 

complex combustion processes, parallel processing (they 

can perform calculations simultaneously, speeding up 

processing time) and its adaptability (they can adapt to 

variations in operating conditions, which is crucial for 

internal combustion engines subject to varying loads and 

temperatures). Disadvantages include the heavy reliance 

on training data. Indeed, the performance of artificial 

neural networks is closely linked to the quality and 

quantity of the training data available. If the data is 

insufficient or biased, the model may not generalize 

correctly), and its complexity (the design and configuration 

of artificial neural networks requires expertise. Finding the 

right architecture and hyperparameters can be difficult, 

interpretability (artificial neural networks are often 

regarded as black boxes. Their decision-making is difficult 

to explain, which can pose problems in critical fields such 

as internal combustion engine combustion) and their 

sensitivity to outliers (artificial neural networks can be 

sensitive to outliers, which can affect their performance. 
In order to accurately model combustion, it is essential 

to have a comprehensive understanding of the chemical 

processes involved. A chemical combustion process can 

be conceptualized as a sequence of cuts and bond 

creations between molecules (Williams, 1994). These cuts 

and/or bond creations represent elementary reactions, 

which constitute the kinetic reaction mechanism. The 

final stage of the reaction process corresponds to chemical 

equilibrium, which is defined by the laws of 

thermodynamics and the temperature and pressure 

conditions of this state. The mechanisms of chemical 
kinetics are numerous and are frequently utilized in 

various contexts.  

García-Oliver et al. (2024) carry out a numerical analysis 

of 3D CFD simulations of fuel blends using the compact 

reaction mechanism approach involving 121 species 

and 678 reactions. The results show that the model 
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developed is capable of offering predictions that match 

the experimental result and can be used for diesel engine 

applications involving these promising fuels. 

Furthermore, numerical analysis highlights that a 

reduction of 50 and 37% respectively in soot and NOx 

emissions is achieved. The efficiency of diesel engines is 
also dependent on the geometry of the chambers. 

Therefore, it is necessary to consider the speed of 

combustion when conducting tests.  

In their study, (Abdelrazek et al., 2023) used 

commercial Computational Fluid Dynamics (CFD) 

software combined with a chemical solver to model a 

direct injection diesel engine fueled by both base diesel 

and soybean biodiesel, performing a 3D numerical 

analysis at different loads. The renormalization group 

RNG coupled with a kinetic chemical reaction mechanism 

is used to model turbulence, combustion, and atomization. 

Respectively the proposed model adequately models the 

emission parameters, with a decrease in Carbon monoxide 

(CO) and Hydrocarbon (HC) emissions of about 42.38 

and 41.35%, respectively, and an increase in Nitrogen 

Oxides (NOx) and Carbon Dioxide (CO) of about 21.8 

and 11.2%, respectively. They conclude that biodiesel 

fuel can be used as an alternative and environmentally 

friendly fuel in the engine without any modifications. The 

renormalization group RNG is not adapted for engines 

having complex geometries. More generally, the model 

has limitations related to the physics of turbulent 

phenomena. However, some problems are turbulent. 

When solving complex confined or external combustions 

involving separation problems on irregular geometries, it 

is essential to maintain the positivity of these variables. 

The choice of using a compact reaction mechanism 

depends on the specific needs of the simulation and the 

trade-off between accuracy and efficiency. This approach 

has both advantages and disadvantages (Abdelrazek et al., 

2023; Jayabal, 2024). Advantages include: Energy 

efficiency (using a compact reaction mechanism enables 

chemical reactions to be modeled more efficiently, by 

reducing the number of chemical species and reactions 

to be taken into account. This simplifies calculations and 

enables results to be obtained more quickly, reduces 

computation time (by using a compact reaction 

mechanism, numerical simulations of internal 

combustion engine combustion are faster, which is 

essential for automotive engineering applications), and 

better performance prediction (compact reaction 

mechanisms are often based on experimental data and 

careful adjustments. They can provide more accurate 

predictions of engine performance, such as power, 

efficiency, and emissions). Disadvantages include Loss 

of detail (by simplifying the reaction mechanism, 

important details of specific chemical reactions can be 

lost. This can affect the accuracy of predictions, 

especially under extreme operating conditions), fuel 

specificity (some compact reaction mechanisms are 

specific to a fuel type or family. They may not be as 

generalized as more detailed mechanisms and adaptation 

to operating conditions (compact reaction mechanisms 

are often developed for specific operating conditions, for 

example, particular temperatures and pressures. They 

may not be as robust for variable conditions.  

There are numerous turbulence models that have been 

utilized in the literature, each with its own set of 

advantages and disadvantages. Standard k-ε models are 

practical for internal flows, but they are not well-suited 

for complex flows with high-pressure gradients. SST k-w 

models are not suitable for transitional, compressible 

flows with complex geometries. These models tend to 

underestimate the transition position and overestimate 

separation. Herein, we propose a Reynolds-type k-ε 

model with the Boussinesq assumption. It is crucial to 

couple them with the fundamental gas dynamics 

equations. This enables their applicability to high-speed 

flows, where high combustion rates are desired. 

Previous studies and many others show that the most 

widely used turbulence model is the standard k-ε, which 

gives better computational results far from the wall 

boundary. Its improved versions, the RNG k-ε which has 

improved accuracy for swirling flows, and the realizable 

k-ε model, the preferred model for circular and rotational 

turbulent flows are in great demand. 

It is important to note that these models are often 

limited in their applicability to chambers with complex 

geometries. It is well established that combustion speed 

and, consequently, engine efficiency are highly sensitive 

to various parameters related to injection or chamber 

geometry. However, some of these models are unable to 

accurately predict combustion in complex flows with 

large pressure gradients and highly curved streamlines. In 

this study, we propose a combustion model that can be 

applied to any type of biodiesel (with different blend 

volumes), even with several chemical species. The model 

comprises fundamental equations, a k-ε Reynolds-type 

turbulence model and an integrated set of parameters 

optimally suited to diverse chamber geometries and even 

complex flows. In comparison with the models utilized in 

the literature, a reformulation has been implemented, 

which is now favorable regarding the model's pivotal 

parameters. Such a reformulation has led to a model that 

is ultimately associated with chemical kinetics. The 

resulting coupled model is applicable to a series of 

combustion processes with different flow regimes. 

Although it is adjustable, it is nevertheless capable of 

adapting to complex engine geometries. 

The aim is to propose to the scientific community a new 

model of the turbulent combustion of biodiesel fuels in a 

premixed situation. We account for relevant parameters of 



Francis Mouzong Bongne et al. / American Journal of Engineering and Applied Sciences 17, (4): 191.199 

DOI: 10.3844/ajeassp.2024.191.199 

 

194 

the turbulence via a positive k-ε model. The numerical tests 

of this model will be available in a future paper. 

Materials and Methods 

Mathematical Modeling 

In this section, we propose the basis equations used in 

the modeling. To close these basis equations, we present 

a set of turbulent equations that are able to simulate 

combustion in an engine with accuracy. The idea is to 

create a model to evaluate the performance, combustion, 

and emissions of a single-cylinder diesel engine fueled 

with both pure diesel and diesel-abiodiesel blends 

containing Neem oil at various volumetric ratios. 

Ideal-Gas Dynamic Equations 

Continuity equation: 

 
𝜕𝜌

𝜕𝑡
+ 𝛻. (𝜌𝑢) = 0 (1) 

 

If we take into account contributions from the 

presence of chemical species: 

 
𝜕𝜌

𝜕𝑡
+ 𝛻(𝑢𝜌) = 𝛿̇𝑠 (2) 

 

Mass conservation or continuity equations for each 

species: 

 
𝜕𝜌𝑚

𝜕𝑡
+ 𝛻(𝜌𝑚𝑢) = 𝛻 [𝜌𝐷𝛻 (

𝜌𝑚

𝜌
)] + 𝑓𝑚 + 𝜌̇𝑚

𝑠 + 𝛿𝑚1
 (3) 

 

where, ρm represents the density of the species m, ρ the 
average density of the gas, u gas velocity, fm is the source 

term due to chemistry and 𝜌̇𝑚
𝑠  is the source term due to 

liquid evaporation. Chemical species 1-2 correspond 

conventionally to fuel and oxidizer. Parameter D is the 

mass diffusion coefficient described by Fick's law of 

diffusion. 𝛿 is Dirac's delta function. 

Equation of Momentum 

It follows from Newton's second law, which states that 
the variation in momentum is equal to the sum of the 

forces acting on the fluid: 

 
𝜕(𝜌𝑢)

𝜕𝑡
+ 𝛻. 𝜌(𝑢 ⊗ 𝑢) = 𝛻. (𝜏 − 𝜌𝑢′ ⊗ 𝑢′̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) + 𝑆𝑛 (3) 

 

where, the viscous stress tensor is given by the 

following relationship: 

 

 𝜏𝑖𝑗 = 𝜇(
𝜕𝑢𝑖

𝜕𝑥𝑖

+
𝜕𝑢𝑗

𝜕𝑥𝑖

)+(𝜇′ −
2

3
𝜇)(

𝜕𝑢𝑘

𝜕𝑥𝑘

𝛿𝑖𝑗) (4) 

 

In the above equations, u is the speed, 𝜌 represents the 

density, 𝑆𝑛  source term, 𝑝 the pressure, 𝜇 the viscosity, 𝜇' 

is the expansion viscosity (which is set to zero) and 𝛿𝑖𝑗  is 

the Kronecker delta. 

All these equations can be reduced to an equation of 

the form:  

 
𝜕𝜌𝜙

𝜕𝑡
+ 𝛻. 𝜌(𝑢𝜙) = 𝛻. (𝛤𝜙𝛻𝜙 − 𝜌𝑢′𝜙′̅̅ ̅̅ ̅̅ ̅̅ ) + 𝑆𝜙 (5) 

 
where, can the value of any scalar? Reynolds constraints 

𝜌𝑢′ ⊗ 𝑢′̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  and flow constraints 𝜌𝑢′𝜙′̅̅ ̅̅ ̅̅ ̅̅  are the terms due to 
velocity fluctuations and represent convection effects. 

Internal Energy Conservation Equation 

It is derived from the first principle of 

thermodynamics: 

 
𝜕(𝜌𝑒)

𝜕𝑡
+ 𝛻. (𝜌𝑢𝑒) = −𝑝𝛻. 𝑢 − 𝛻𝐽 + 𝜌𝜀 + 𝑄̇𝑐 + 𝑄̇𝑠 (6) 

 

where, 𝑒 is the specific internal energy, is the density, σ is 

the stress tensor, 𝑎𝑛𝑑 𝑄̇ 𝑐  and 𝑄̇ are source terms due to 

spray interactions and chemical heat, respectively. The 

heat flow vector J is the sum of contributions from 

thermal conduction and enthalpy diffusion. 

Here, the internal energy e is given by Williams (1994): 

 

𝑒 = ℎ −
𝑝

𝜌

= ∫ 𝐶𝑣𝑑𝑇
𝑇

𝑇0
−

𝑅𝑇0

𝑊
+ ∑ 𝛥ℎ𝑓,𝑘

0 𝑌𝑘

𝑁

𝑘=1

 = ∑ 𝑒𝑘𝑌𝑘
𝑁
𝑘=1

 (7) 

 

Here, 𝛥ℎ𝑓,𝑘
0 is the enthalpy required to form one 

kilogram of the species k. The fraction of the species k is 

given by: 𝑌𝑘 =
𝑚𝑘

𝑚
, 𝑘 = 1, . . . , 𝑁 the variable N corresponds 

to the number of species present in the reactive mixture, 

𝑚𝑘 is the mass of the species k present in a given volume 

V, and m total mass of gas in the volume V. The pressure 

= ∑ 𝑝𝑘 , 𝑝𝑘 = 𝜌𝑘
𝑅𝑇

𝑊𝑘

𝑁

𝑘=1
, with 𝜌𝑘 = 𝜌𝑌𝑘  and Wk being 

respectively the density and molecular mass of the 

species. k. For a multi-species mix 𝜌 = ∑ 𝜌𝑘
𝑁
𝑘=1  and the 

perfect gas equation is given by 𝑝 = 𝜌
𝑅𝑇

𝑊
 where, W is the 

average molecular weight of the mixture given by: 
1

𝑊
=

∑
𝑌𝑘

𝑊𝑘

𝑁

𝑘=1
. Here again, the specific Cv heat at constant 

volume of the mixture is represented by: 

 

𝐶𝑣 = 𝐶𝑝 − 𝑟 𝑤𝑖𝑡ℎ 𝑟 =
𝑅

𝑊
= 𝑅 ∑

𝑌𝑘

𝑊𝑘

𝑁

𝑘=1
 (8) 

 

and Cp the specific heat at constant pressure given by: 

 

𝐶𝑝 = ∑ 𝐶𝑝𝑘𝑌𝑘
𝑁

𝑘=1
, (9) 
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where, Cpk is the species-specific heat at constant pressure 

k given by: 
 

𝐶𝑝𝑘 = 2.5
𝑅

𝑊𝑘
 (10) 

 
The evolution of the mass fraction function of the rate 

of chemical depletion/production of the kth species reads: 
 

𝜌
𝜕𝑌𝑘

𝜕𝑡
= 𝜔𝑘 + 𝛻. (𝐷𝑘𝜌𝛻𝑌𝑘) − 𝜌0𝑈0

′ 𝛻𝑌𝑘 , 𝑘 = 1, . . . , 𝑁 (11) 
 

In the fresh mixture, the vector 𝑈0
′ = (𝑢0

′ , 𝑣0
′ , 𝑤0

′ ) 

represents the velocity fluctuations. The diffusion 

coefficient of k species is noted as 𝐷𝑘. The term 𝜔𝑘 (the 
rate of chemical consumption or production of species k) 

is given by Williams (1994): 
 

𝜔𝑘 = 𝜇𝑘 ∑ (𝛾𝑘,𝑗
− − 𝛾𝑘,𝑗

+ )𝐴𝑗 𝑇𝛼𝑗𝑒
−(

𝐸𝑗
𝑅0𝑇

)
∏ (

𝑋𝑖𝑝

𝑅0𝑇
)

𝑁

𝑖=1

𝑀

𝑘=1

𝛾𝑘,𝑗
+

, 𝑘 = 1, . . . 𝑁 (12) 

 
With Aj the pre-exponential factor of the jth reaction, 

𝛾𝑘,𝑗
− and 𝛾𝑘,𝑗

+  the stoichiometric coefficients, aj the 

temperature exponent, Ej activation energy, Xi mole 

fraction of the species, and M is total the number of 

chemical reactions. 

The Navier-stokes system of reactive equations 

(coupled with turbulence) requires an elementary reaction 

mechanism describing the physical and chemical basis of 

premixed turbulent combustion (a situation where a biofuel 

can be used at a certain percentage). The time scales of 

chemical reactions are generally smaller than the small time 

scales of turbulence, resulting in a highly complex, non-

linear, coupled system of differential equations. 

Chemical Model 

Chemical Model for a 100% Used Biofuel 

The rate of combustion and, consequently, the 

efficiency of the engine are highly susceptible to a 

multitude of parameters related to the injection or 

chamber geometry. 

When biofuel burns without premixing, it changes 

from one chemical species to another. The reaction rate of 

change can be calculated by the following relationship: 
 

𝜔
•

𝑟 =
𝑑𝑌𝑚

𝑑𝑡
=

𝑌𝑚−𝑌𝑚
∗

𝜏𝑐
 (13) 

 

where, 𝑌𝑚 represents the fraction of the species, 𝑌𝑚
∗  is the 

value of this fraction at thermodynamic equilibrium, 

𝑎𝑛𝑑 𝜏𝑐  is the mixing time characteristic of equilibrium 

completion given by: 
 
𝜏𝑐 = 𝜏𝑐ℎ𝑖𝑚 + 𝑓𝜏𝑡 (14) 
 

where,  𝜏𝑐ℎ𝑖𝑚  represents the turbulent mixing time 

dependent on the perfect gas constant and the gas 

temperature; 𝜏𝑡 the turbulent mixing time given by 𝜏𝑡 =

𝐶2
𝑘

𝜀
, 𝐶2 = 0.1, 𝐸 =

77.3𝐾𝐽

𝑚𝑜𝑙
, 𝐸 being the activation energy; 

the function 𝑓 = (1 − 𝑒−𝑌)/0.632 is the parameter that 
simulates the decreasing influence of turbulence on the 

combustion process. 

Chemical Model for a Biofuel Used Less than 100% 

Elementary reactions are characterized by their 

reaction rate 𝜃𝑖 (or the variation of the species over time), 

which enables us to calculate the effect of the reaction on 

each species. We mention that the elementary reaction 

rate is equal to the product of a rate constant and the 

concentrations of the reactive species, each raised to a 

power corresponding to their stoichiometric coefficient. 

The rate constant depends on temperature and is usually 

expressed by an Arrhenius law: 
 

𝑟 = 𝐵𝑇𝛼exp(
𝐸𝑎

𝑅𝑇
) = 𝐵𝑇𝛼exp(−

𝜏𝑎

𝑇
) (15) 

 
where, r is the speed constant, B is the pre-exponential 

coefficient, R is the perfect gas constant, Ea activation 

energy, and 𝜏𝑎 =
𝐸𝑎

𝑅
 activation temperature. 

The activation energy represents the amount of energy 

required by the system under consideration for the species 

to react significantly. By comparing the characteristic 

lengths and times of turbulence with the characteristic 

lengths and times of laminar flames, we obtain a 

classification of turbulent flame structures. Two numbers 
can be used to establish this classification: That of 

Damkhöler Da and the one of Karlovitz Ka. These 

numbers compare the chemical characteristic time 𝜏𝑐  at 

characteristic turbulence times 𝜏𝑡  and  𝜏𝐷  respectively 

associated with the energetic and dissipative structures of 

turbulence. These two numbers are linked by the 

Reynolds given by the following formula: 
 

Re𝑇 = 𝐷𝑎
2𝐾𝑎

2 
 

Turbulence Modeling 

To close the above system of equations, we propose a 

Reynolds-type turbulence model with the Boussinesq 

hypothesis that is able to adapt to complex engine 

geometries. The model is also able to simulate transition 

positions accurately and to better estimate separations. 

Historically, several closure models have been developed 

to relate turbulent viscosity to kinetic energy (Wilcox, 

2008). The flowchart in Fig. (1) presents the models 

developed, their components, and the position of the 

model proposed in this study. A "turbulent viscosity" 

model was selected and modified. Boussinesq's 

assumption that state that the Reynolds tensors 𝜌𝑢′ ⊗ 𝑢′̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  

can be related to mean velocity and turbulent viscosity 

gradients in a manner analogous to that which relates 

stress and strain tensors to deformations in a Newtonian 

fluid was employed. 
The Reynolds stresses read: 
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Fig. 1: Flowchart of different modeling available in the literature 

 

−𝜌𝑢′ ⊗ 𝑢′̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝜇𝑡(𝛻𝑢 + 𝛻𝑢𝑡) −
2

3
𝛿(𝜌𝑘 + 𝜇𝑡𝛻. 𝑢) (16) 

 

𝜇𝑡  is the turbulent viscosity to be modeled (often 

desired to be positive). We also define turbulent 

diffusivity, which assumes that the Reynolds fluxes of a 
scalar are linearly proportional to the mean gradients of 

that scalar: 

 

−𝜌𝑢′𝛩′̅̅ ̅̅ ̅̅ ̅̅ = 𝛤𝑡𝛻𝛷 (17) 

 

where, 𝛤𝑡  is the turbulent diffusivity 𝛤𝑡 =
𝜇𝑡

𝑃𝑟𝑡
, 𝑃𝑟𝑡  the 

Prandtl number. In the model 𝑘 − 𝜀, we calculate 𝜇𝑡  as 

follows (Wilcox, 2008): 

 

𝜇𝑡 = 𝐶𝜇𝜌
𝑘2

𝜀
 (18) 

 

With K and 𝜀  respectively the kinetic energy and 
dissipation are given by: the kinetic energy equation of the 

kinetic energy of turbulence: 
 
𝜕𝜌𝜀

𝜕𝑡
+ 𝛻. 𝜌(𝑢𝜀) = 𝛻. [(𝜇 +

𝜇𝑡

𝜎𝜀
)𝛻𝜀] +

𝜀

𝐾
(𝐶𝑔1

𝑃𝑘 − 𝐶𝑔2
𝜌𝜀) (20) 

The energy dissipation rate equation is: 

 
𝜕𝑘

𝜕𝑡
+ 𝛻. 𝜌(𝑢𝑘) = 𝛻. [(𝜇 +

𝜇𝑡

𝜎𝑘
)𝛻𝑘] + 𝑃𝑘 − 𝜌𝜀, (21) 

 

The term 𝑃𝑘  represents the kinetic energy production 
of turbulence given by turbulence given by: 

 

𝑃𝑘 = 2𝜇𝑡𝑡𝑟(𝛥𝑖𝑗) = 2𝜇𝑡𝛥𝑖𝑗 (22) 

 

In the following, we will try to find laws for these new 

turbulence flows.  (𝜌𝑢′𝛷′̅̅ ̅̅ ̅̅ , 𝜌𝑢′ ⊗ 𝑢′),  just as it was 

necessary to find them for molecular diffusion fluxes, 

otherwise the new equilibrium equations are unusable. 

However, we recognize the inefficiency of the 𝑘 − 𝜀 to 

model certain types of flow and its capabilities have been 

unfairly called into question. 

The model 𝑘 − 𝜀 has five closure coefficients, which 

are determined by replacing indeterminate double and 

triple correlations with algebraic expressions involving 

the properties of mean flow and turbulence. As the flow 
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is confined, we prefer to give these coefficients the 

following values (Wilcox, 2008): 

 

𝑐𝑔1
= 1.44; 𝑐𝑔2

= 1.92; 𝑐𝜇 = 0.09; 𝜎𝑘 = 1; 𝜎𝜀 = 1.3  (23) 

 

However, at the edge of the wall where viscosity 

effects dominate, the 𝑘 − 𝜀  no longer applies. We will 

therefore model the wall effect by the friction it imposes 

on the fluid and the velocity gradients will be calculated 

using the wall law. 

Positivity of 𝑘 − 𝜀 

We use logarithmic variables ˆ ˆ( )k k and     

representing practical solutions. To preserve the positivity  

of 𝑘 − 𝜀, considering 𝛻𝑘 = 𝑘𝛻𝑘̂, 𝛻𝜀 = 𝜀𝛻𝜀̂, we obtain: 

 
𝜕𝑘̂

𝜕𝑡
+ 𝛻. [𝜌𝑢𝑘̂ − (𝜇 +

𝜇𝑡

𝜎𝑡
) 𝛻𝑘̂] = (𝜇 +

𝜇𝑡

𝜎𝑘
) 𝛻𝑘̂𝛻𝑘̂ + 𝑒−𝑘̂(𝑝𝑘 − 𝜌𝑒𝜀̂)(24) 

 
𝜕𝜀̂

𝜕𝑡
+ 𝛻. [𝜌𝑢𝜀̂ − (𝜇 +

𝜇𝑡

𝜎𝑡
)𝛻𝜀̂ = (𝜇 +

𝜇𝑡

𝜎𝑘
)𝛻𝜀̂𝛻𝜀̂ + 𝑒−𝑘̂(𝑐𝑔1

𝑝𝑘 − 𝑐𝑔2
𝜌𝑒 𝜀̂) (25) 

 

Through these two new equations, we can see that a 

new strongly non-linear term appears (𝛼𝛻𝜀̂𝛻𝜀̂)  which 

could complicate convergence. Nevertheless, these 

equations make it easier to preserve the positivity of k and 

𝜀 but also 𝜇𝑡 given this time if by:  

 

𝜇𝑡 = 𝑐𝜇𝜌𝑒2𝑘−𝜀 (26) 

 

The turbulent model for biodiesel combustion given 

by (23-26) is coupled with the chemical model and the 

ideal-gas dynamic equations.  

Results and Discussion 

The classical model k   given by system of Eq. (20-

21) has limitations related to the physics of turbulent 

phenomena. Standard k-ε models are practical for internal 

flows, but they are not well-suited for complex flows with 

high pressure gradients. 

Most k   turbulent models are not applicable when 

the strong gradient of kinetic energy. In addition, these 

models are unable to accurately predict combustion in 

complex flows with large pressure gradients and highly 

curved streamlines. 
For example, the SST k-w models are not suitable for 

transitional, compressible flows with complex geometries. 

When solving complex confined or external 

combustions involving separation problems on irregular 

geometries, it is essential to maintain the positivity of k  

and  . While there are still schemes that preserve the 

positivity of these variables, these have drawbacks that 

can affect the convergence and accuracy of the solution. 

One solution to this problem of the positivity of k  and  

is to solve their algorithm. We have proposed here an 

original reformulation that maintains positive these 

variables by letting ˆ ˆ,k k k         .  
This strategy is justified by the behavior of k  and 

which tend to change very quickly. As the logarithm 

grows slowly, its arguments help to improve the accuracy of 

solutions, particularly when k  and  have strong gradients. 

The coupled model is an extension of those based on 

the classical k   turbulent model used in several works 

in the literature. The classical turbulent models neglect 

several aspect as mentioned above. The developed k   
turbulent model are applicable when the strong gradients 

of kinetic energy arise. In addition, the models are able to 

accurately predict combustion in complex flows with 

large pressure gradients and highly curved streamlines. 

The k   turbulent model for biodiesel combustion is 

better than the classical k   models widely used and this 

is proved theoretically in this study. 

The model is promising, but there is still room for 

improvement. It is possible to apply this model to a series 

of combustion processes with different flow regimes. 

Although it is adjustable, it is nevertheless capable of 

adapting to complex engine geometries. 

Conclusion 

In this study, we have proposed a model of biodiesel 

combustion in a single-cylinder engine. The model first 

includes the balance equations of gas dynamics with heat 

release. We then propose to introduce turbulence via a 

model of the type with specific properties. The chemical 

models for a biofuel used at less than 100% and at more 

than 100% are presented below. The resulting model is a 

coupling of equations writing biodiesel combustion with 

premixing. The model developed is interesting and can be 

applied to a wide range of combustion problems. 

Numerical experiments using finite volume methods on 

the model will be presented in a future investigation. 

Laboratory experiments will also be carried out. 

Formulas for chemical models can be redesigned to 

better approximate biofuel combustion problems. The 

numerical tests will be available in a future paper. Future 

work will likely increase the size of the proposed 

modeling through the creation of a mechanism for larger 

biodiesel. This allows us to better represent biodiesel fuel 

and this represents added complexity. Thus concurrent 

efforts will be necessary to address the computational 

power required to utilize this model. Another way to 

address this issue of size and computational cost is 

mechanism reduction that leads to the suppress of some 

reactions that are not important in achieving certain 
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computational targets, such as species concentrations, or 

temperature profiles. 
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