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Abstract: In this work, we establish strong convergence of the improved modified three-step iteration
methods for asymptotically nonexpansive operators in uniformly smeoth and convex Banach spaces.
Our results generalize the previous results of Schu [10], Osilike and Aniagbosor [5], Xu and Noor [13],

as well as Owojori and Imoru [7] among others.
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INTRODUCTION

An operater T:K—K, where K is a nonempty subset of
a Banach space, is called nonexpansive if for all x,y €
Kwehave T,-T, < xvy (1.1}
holds for all x,v € K, where s, 8o, 83 are real constants
in [0,1] satisfying

51 +252 + 253 =1.

Goebel and Kirk [2] infroduced the concept of
asymptotically  nonexpansive  operators  as  a
generalization of nonexpansive mappings. An operator
T is called asymptotically nonexpansive if there exists a
real sequence {k,} with k; =1 and ]jynk, = 1. such that

T -T% <k, x-y ,¥neN (1.2)
Goebel and Kirk [2] introduced the concept of
asymptotically nonexpansive selfmapping of a
uniformly smooth and convex Banach space has a fixed
point.

Schu [10] introduced the modified Mann and Ishikawa
iteration methods for arbitrary x; € Kby

Xpa1 = apX, + b T%y + cpuy, nx1 (1.3)
and respectively
Xn+1 = apXp + bnTan + Collp ,

nzl (1.4}

Vo= a;zxn +b,;T"xn +C;IVH, }

where{u,}, { vy} are bounded sequences in K-a close
bounded convex subset of uniformly smeoth Banach

space and {a,}, {b,}, {c.}, {a,}, {b,} {c,}, are
sequences in [0,1] satisfying:

an+bn+cn:a;,;E +b;I =1

foral nz=0.

When b, = ¢, =0, for all n = 0, then (1.4} reduces to

{1.3)-the modified Mann iteration scheme with errors in
the sense of Xu [15].

These iteration metheds have been investigated by
several authors including Schu [10], Osilike and
[ghokwe [6], Qihou [9], Osilike and Aniagbosor [5],
Tan and Xu [11], Goebel and Kirk [2]. Lim and Xu [3]
as well as Chidume and Osilike [1] among others.

Xu and Noor[13] introduced and analyzed the
following moedified three-step iteration scheme for
asymptotically ncnexpansive mappings in Banach
spaces:

Definition 1.1: Let D be a nonempty subset of a
normed space B and T: D—D be a mapping. For a
given x, € D, compute sequences {X,}, {¥. {2, by the
iteraticn scheme

Xpo1 = (1- Ol + O('»nr]:1n Yn

Yn:(l' 6n)xn+ BnTn Zy nz0 (15)
= (]-' Yn)xn + YnTn Xn
where {o}, {Bo) and {y,) are arbitrary sequences

in [G,1].
We observe that when ¢, = 0, then {1.5) reduces to

xn+1 ={1- nyxn+ nTnyn
n=0
yn ={(1- n)xn+ nTnxn

which is the modified Ishikawa iteration scheme,
{without errers). In addition, when B, = v, = 0, then
(1.5) reduces to the medified Mann iterafion scheme
given by

Xy = (1- 0%y + o, T%,n 2 0
Xu and Noor [13] then established the convergence of

{1.5) to the fixed point of asymptotically nonexpansive
operator in uniformly smooth Banach space.
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Owojori and Imoru [7] alse introduced a modified
three-step iteration scheme with errors which include
that of Xu and Neor [13] as a special case and then
established a strong convergence result.

Recently, an improved three-step method with errors
was introduced by Owojori and Imoru [8] with errors as
a generalization of the Mann and Ishikawa iferation
methods with errors. Convergence of the improved
iteration method was established for pseudocontractive
and accrefive operations in arbitrary Banach spaces.

Xn+l = ApXp + bnTHYn + CnSan
W= a;;xn, +b;SnZn +C;zvn

. - .
m=a,x, +bT"x +c,w,

An improved modified three-step iteration scheme with
errors  which includes previcus meodified iteration
methods as special cases is given by the following:

Definition 1.1: Let K be a nonempty clesed bounded
convex subset of a uniformly smooth Banach space and
suppose T,5 are uniformly continucus asymptotically
nonexpansive selfmappings of K. Define sequence {x,}
iteratively for arbitrary x; € Kby

(1.6

where {v,}, {wy} are arbitrary sequences in K and {a,}, {a_}, {a, }, {ba}, {b, }. {b, }, {b, hicahlc, )., )

are real sequences in [0, 1] satisfying the following conditions:

(i} an+by+ey=a, +b +c, =a, +b +c, =1,

(if} by =00,

(iii) Op=by+cy Ppi=b, +c, ,Ty:= b;+cn

Remark: A special case of the modified iteration scheme (1.6} is also given by:

xn+1 = anxn + bnTnyn + cnun
yn=ax, +bT "z, +c,v, nzl

—_— " " # ¥
m=ax, +b1"x +cw,

where {uu}, {vn}

(L7

and {w,} are bounded sequences in K and {a,}, {a;l}, {a; 1, by}, {b;z}, {b:T },

{b; },{cn},{c;z},{c‘; }, are real sequences in [0, 1] satisfying

(i) an+by+cey=a, +b, +c =a,+b +c, =1,

(if} by =00

We readily observe that the revised iteration methods (1.6) and (1.7} are extensions of the modified three-step
iteration scheme of B. Xu and Noor [13], with o, = by, B, = b'n LT, = b:i , as well as the medified Mann and

Ishikawa iteration methods with (and without) errors in the sense of Liu [4] and Xu [15].

Some Preliminary Results: In the sequel, we shall require the following results.
Lemma 2.1 (Xu [14]): Let B be a uniformly smooth Banach space. Then B has modulus of smoothness of power
type g > 1 if and only if there exist j,;x € I x and a constant ¢ > 0 such that

x+y < x Y+q<yjxy>+c y ¢

forall x,ve B.

By replacing v with {-¥) in (2.1), we obtain

x-v 12 x T-gq<ey i+ v i< x T+ vy ¢
forall x,ve B.

(2.1}

(2.2)

Applying Lemma 2.1, Chidume and Osilike [1] established the following result in real uniformly smooth Banach
spaces with modulus of smoothness of power type q > 1.

Lemma 2.2: Let B be a uniformly smoeoth Banach space with modulus of smoothness of power type q > 1. Then for
all x,v,z € B and Ae [0,1], the following inequality
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AX+(1-Ay-z 1<[1-Mg-1}] v-2 Y4+he xz 4-A[1-A%"%] xvy ¢ 2.3
holds, where ¢ is a positive constant.
The following result due to Weng [12] is also useful in this study.

Lemma 2.3: Let {&®,} be a nonnegative sequence of real numbers satisfving
&, <(1-3) P, +0, 2.4
where 8, € [0,1], X8, = oo and 6, = 0(8y). Then 3.0 —0.

n—pes

RESULTS

Our main result is the following.
Theorem 3.1: - Let B be auniformly smooth Banach space and K a nonempty closed bounded and convex subset
of B. Suppose T is a completely continuous asymptetically nonexpansive selfmapping of K with real sequence

{ky} satisfying, 'k, =1, ¥n, with limk" =1, and kf; +l €p,p>1. Foragiven x;e K, define sequence
F—r0a

{x,} generated iteratively by

Xn+1 = apXp + bnTn ¥n + Cpln
w=a,x, +b T "z +c,v, nz1l

m=a,x, +b T "x +c,w,

where {uy} , {Vva}, {wn} are arbitrary sequences in K and {a,}, {a,}, {a, }. {ba}, {b,}, {b, }, {b, }, {ca),

{c'n }, ~{c;1 } are real sequences in [0,1] satisfying the following conditicns

(i} byt cp=a, + b +c, = a, +b +c, =1,

(i} by =0,

(i)  Ogi=by+cPui=a,+b, +c Yui=b, +c,,
1

i _1-kBy< ]
R e k)

Then the sequence {x,} converges strongly to a fixed point of T.

Proof:- By Goebel and Kirk[2], T has a fixed pointin K.

Let x° € K be afixed point of T. Then, from our hypothesis and Lemma 2.2, we have the following estimates.

ep - . .
wm-x Y= ax, +bT"x +c,w, x

[ - 3% — X )+ Fl " - X5 - ¢, (T - Wy} P

A

[1-% (P -1 (=) ), (T w) P
+ e {T'%,-x%) - C:I (T - wy) P
=70 e) (T x%)- (=X P
Observe that v, (1- yi_lc) = 0. Therefore, expanding further, we obtain
za-X" P2 [1-%@-DIl %-x" P+ co, Tox-w, P

-p< c; (T"%p- Wo), JGa—X) > 1 + el Txex* P+ cc:I T'%p-wy) P
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P <, (T W, j0ta X)) > | (3.1)
< [ @ -DIL xa-x" PHce, T'y- Wy °]
+ycl T'x,-x* U+ cc;I T %p-wnt F]

Continuity of T on the beunded set K implies that there exists a real number Ny < oo

such that T%,-wy) P € N,  Observe that cc:I < land T is asymptotically nonexpansive .
Therefore,

z'II'X)# pS [l'q{n(p'l)][ anX* p+'Yn Tnxnijt b +[1"Yn(p'1)+q/n]N4
S -% -k - D11 xa—x" P4+ {17 (p-D] + %Ny
=1 -Flp-k7-1] %% PH[l-Ya(p-2IN, (3.2)
We also have the following estimates:

x' P= ax,+bTz +c,v, x P

[1-Bo )% — X ) + Bl T2 - x5 - ¢ (T25- v) P

A

[1-Baip-1] (—x- ¢, (T-vy) P
+Buc (Mza-x%) -, (M- vy) P
Bull-BEre) (T x%) - (Xa-x") P

Expanding further and considering the fact that ¢, c'n < land PB,(1-B 571 c)z0,

we have

Go- X P < [IPap-DH (%3 Pt (T'zpva) ©
-p<e, (T o), j(a —X) > )
+PBul Tzp-x* P4+ T2,-v, P
- p<c, (T - vo), (T2, - x%) > )
< 1-Pap-DH %% P+ T-vy P)
+Pu{ Tzy-x* P+ Tlz-v, P} (3.4)
Since T is continuous on K, then there exists a real number N5 < = such that

Tz,- x* P =< Ns. Therefore

A

Va-X P < [1-Pa(p-1)] Xa—X P4 Bu T- x4+ [1-Pn (p-D)] + Pu)Ns

IA

[1-Ba -100] Ga X3 P4Puk, zo—x" P+ [1- B (p-2)INs (3.5)

Substituting (3.2} into (3.5) and setting Ng = max [Ny, Ns], we have
Ya-X P [Pap-1] xa—x P 4P k7 [1- lp- K7-1] xp-x" P

+ P K7 [1 - ylp - 2)INg + [1- Ba}p - 2)]Ng

{1 Bu(p-1y+Pu K/ L - (p- K7 - DI} x—x" P
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+PBn k7 [1- Yulp - 2)INg +[1 - Bu}ip - 2)INg (3.6)
Finally,

Xna-X P= ax,+bT"y +cu x P

(1 - Og) (Xn- X + O (T X9 - of Tg-up) ©
s D-a®-D] Gox)-ool Ta-u)
+0ne T X9 - el - ) P-o(1-aF™ ) Ty x%) — (xg- x%) P
Expanding further and observing that otn(l-otgpfl) cy=20 forall n>0, we have:
X=X P [l-onp-DH Xp-x" Preey Tlo-un) P)

+ opc] T'yn-x* P +ccn T'¥n-u) P}

= [1-0n(P-1] Xu-x* P4 ope Tyn-x* F)

+ [1-0(p-1)en+ oecnl Ty-ug) P

(3.7
But T is asymitptically nonexpansive, ¢, <oy and ¢ < 1. Therefore, simplifving (3.7), we have:
X=X P S [L-0pp-1] xp-x* Phogk) ypext P
+[1-0(P-2)] Ty-u, P (3.8)
Continuity of T on the bounded set K implies that there exists a real number Nj <o such that T'vy-u, "< N
Substitute (3.5) into (3.8} and observe thatc,< 1, for all n, we have
X=X P S [l-onp-1] Xo-X PHkI0n yn-x* P+ [1-0n(p-2)IN;
< [1' C('n(p '1)] Xn+l - X* P+ ki Oy {[1 - Bn(p '1)]
+ Bnki [1 =t (p 'ki - 1)]} Kn+1'X)g P+ Oty ﬁn Bnkzi [1' o (p - 2)]N6
+ 0 K2 [1-Bafp-2)INs + 11 - 0 (p-2)N;
Let Ng = max[Ng, N+], then we have
Kan =X* P {[1-00(p-1)1+ K2 o [1-Ba(D-1)] + 0 B K7 [1-a (- K 2 -1} xo=x" F
+ {0 Bu K22 [1- 40 (p-23] + 0k 2 [1- Bulp-2)] + [1- 0(p-2)1)Ng (3.9)
Let pn= X=X P . Then (3.9} becomes
P = {1 -G)pn+6n {(3.10)

where ty= 04(p-13]- k2 0 [L-Bo(p-1)] - 0 By k7 [1- % (p -k 2 - 1)]

and 6, ={ o ok 7 [1- Y (0-2] + 0 k2 [1- Bulp-2] + [1- 0y (p -211N;

From our hypothesis, it is clear that :
tn= G (p-1) -k} 0y [L- Bua(p-1)] - 0m Bn k.7 [1- 7 (p-K ] - 1]
=0 (p-1 -t k? + 0 By k2 [p-1)- 0Bk +on Puvak,” (p-1-k2)
=0 [p-1-k 21 + 0 Bk Ip-1- k3 1+ 0 By k3 (p-1-k 2 )
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=Ip-1-k 2 J[o + 0 B k 2+t Payu k7 ]
<[p1-kP 1L +Buk? +Buvak ]
<1
We observe from cur hypothesis that ;20 . Thus t, € [0,1]. Also, 2t == and o, = o{ly}. Hence, by Lemma 2.3,

hm £, =0. This implies that {x,} converges strongly to x* The proof is complete.

—ro0
Remark:- By following similar procedure as in the proof of the above Theorem, we can be shown that the
iteration method given by

Xne1 = @nXn + by T"¥n + Cally
w=a,x, +bT"z +c,v, nxl
Iy = a;xn + b;T"x,I + c;wn
where {v,}, {w,} are arbitrary sequences in K and {a,}, {a'n}, {a:1 b {bnl, {b'n }, {b:i 1 {b:i }s{Cn},{C;,},{C; 1,

are real sequences in [0,1] satisfyving certain conditions, also converges strongly to the fixed point of asymptotically
non-expansive operator T.

We now consider the modified iteration procedure given by (1.6} for fixed peints of asymptotically nonexpansive
operators in uniformly smooth Banach spaces. Our result is the following.

Theorem 3.2:- Let B be a uniformly smooth Banach space and K a nenempty closed bounded and convex subset

of B. Suppose S, T are uniformly continucus and asymptotically nonexpansive selfmapping of K with real

sequence {kp} satisfying ky = 1,Vy, and |k, =1. Define sequence {x,} iteratively for arbitrary x; € K by

H—roa

Xne1 = anXp + by Ty + cnS"x,

w=a,x, +b 8"z +c.v, nz1l

m=a x, +bT"x +c,w,
where {Vo}, {wa) are abitrary sequences in K and {a}, {a,,}, {a, }, {bu}, {b,}, {b, }, {b, Liea)le,ble, )

are real sequences in [(0,1] satisfying the following conditions

) atbatca=a, +b,+c,=a, +b,+c, =1,
iy Thy=om,
(i)  Ogi=bp+cPui=a, +b, +c, Yai=b, +c,,

0= (p1-k2)=1, 1+PBukZ(l+ |kP]g —,
P B vk p1—k7

If S and T have a common fixed point in K, then the sequence {x,} converges strongly to the commeon fixed
pointof SandT.
Proof: By Goebel and Kirk [2], S and T have fixed peintsin K. Let x, € K be the common fixed point of S and

T. From our hypothesis and Lemma 2.2, we have the following estimates.
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%o B = (100 = X0} + % (%= %0} - ¢ (Txa- wa)
SO -9 @1 (- Xo) 3o (M- wy ) P
+ e (T %0 ) - € (T ) P
- (YT ) (M) - (%) P
Observe that y,(1- yi_l ¢} 20 and expand further, we have
Za-% PS DI %% P+ oo, T%p-wy °
- p <, (T - Wahjt —%0)>)
+ Yool T'p-x P- cc; T %, - Wy
-p<e, (T W, (%0 —%,)>)
< -1 @D %% P+ce, Txp-wn P)
el T'xu-x% P+ cc‘;I T, - wn P}
By continuity of T and boundedness of K, there exists real number Ny < oo such that
T'%n- wnt P <Ny Observe that c, c; < 1. Then, from (3.11) we obtain
=% PS [1-%®-D] %% P+% Ta-%o P+ [1-7 (p-2)INo

<[9P -kZ- D xnXo P+ [1- Yalp-231Ny (3.12)

(since T is asympiotically nonexpansive). Furthermore, we have
Va-Xo P2 (1= Bo )k = Xo) + Bu 8"z~ Xo) - ¢, (S"2y- Vo) P
S [1-Ba(p-1)] Ga=%Xo)- ¢, (SZa- va) P
+Bac (S"Za—Xo) -, (S"Zn- Vo) P
- Ba(1-BTe) (S o) (o) P
Expanding further and considering the fact that: ¢, C:I <1 and B{1-B 571 ¢) 20, we have

Yo-%o P M1 -Budp-DH Xo—% P4+ S'zp—vy F
- P <en (8- v J (Kn %) >}
+Bul Szy-x, P4 SPz-wy P
- P (8- V), j {872, - X)) >},
SH-Bup-DH x-%x P+ Sz—w, P}
+ Buf S'zm-x P4 SUp-vy P
Since § is continuous on bounded set K, there exists a real number N, < == such that
Observing further that s is asymptotically nonexpansive, we obtain
Yo-Xo P S [1-Bap-D] Xy %o P4By Sz x, P4 [1-Byip-2IN,
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< -Balp-1] %X PHPuk? zmx P+ [1-Bu(p-2IN,
Let Q= max [Ny, N,] and substitute (3.12) into (3.14), we have
Yo-Xo P [1-Bap-D] %% P+ Buki[l- a(p-k,-D] X%—%, P
+ Buk? [1- % (p-2)1Qs + [1 -Bulp-2)1Q
<AL LB (p- D]+ Buk D [1- % (p-k 2 -]} Xy-% P
+Bak p [1- % (p-2)] + [1-u(p-2)1Q
=[1-Buip-1-k7 ) - Patak) (0-K} -1 Xo-X, P

+[1-Bup - 2) + Puk (1 - (p -201Q
Finally, we have the following estimates.
X1 Xo B = anXn + 0o + 08 %, - %, B
= (1 0)(Xa- Xo) + Ol T - Xo) — cadT"a- S™%a) ®
< [1-0np- D] (Xo-Xo) - on(Tyne "%} °
e (Tlyn-Xo)— ca(Tyn- 8% F
S Onan ) ) (T X = (XX} P
But oyl - o 7 ¢y =0, therefore
Xpr =X PS[L-0(p- DI G — %) P+ cop Tlyn- 8%, F
-p < e T S™%0), J(XarXo) > }
+ onef (T'yw-x5) P +eey Ty S, F
- p<en(Tn- 8%, J(Ta- %0) > )
S[1- 0p-1D] XaXo P+ [1-0up-2] T S P4 ok’ (ko P (3.16)
T and S are completely continucus en K, therefore there exists a real number Q, < oo such that
Q. Substituting (3.15) into (3.16}, we have
X=X U S [1- 0P -DI{ Xn-Xo P+ [1- om(p-2)]Q:

+ 0k ) [1- P (p-1-k) M1+ mk]] %% P

+ 0Ky [1-Badp-2 k) )y + Pok ) wlQy

= {[1-0(p-1}] + ok} [1-Ba (p-1k § 31+ 1k [)1) %, P40,
where Oy = [1-06(p-2)]1Qs + tuk & [1-Bn (p-2-k 2} 1+ Bk £ W(p-2)]Q

Let  th = onp-1k 1Bk ? 3 1+ wk? )]

From our hypothesis, we see that t,e[0,1]. Also >t = and o, =o{ty}.
Now, let XX, P =&, , then (3.17) reduces to
q)m-l < (]-'tn)q)n + Cp

(3.14)

(3.15)

T S, P <

(3.17)

Hence, by Lemma 2.3, &,— 0 as n — . Thisimplies that {x,} converges strengly to x, — the commeon fixed

peint of S and T. The preofis complete.
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Remark: Theorem 3.1 is an improvement and
generalization of the results of Schu [10], Osilike and
[ghokwe [6], as well as Xu and Noor [13] in the sense
that the modified Mann and Ishikawa iteration methods
used by these authors are special cases of our modified

three-step iteration methods. Indeed, if in (1.7}, b:; =

c‘;z = 0, then it will reduce to the modified Ishikawa
iteration method (1.4} which itself contains {1.3) as a
special case. Alsoil ¢, = c;l = c; =0, then (1.7) will
reduce to Xu and Noor’s iteration method (1.5} with
oy =by, By = b;z and ¥, :b; . We further cbserve
that if

Gn=c, =c,=b, =0,in(1.7), then it will reduce to
the modified [shikawa

[teration method without errors. Furthermore,
Theorem 3.2 is a generalization Theorem 3.1 since the
iteration methed (1.7} is a special case of {1.6) and
Theorem 3.2 investigates the common fixed peint of the
two operators invelved when they are Dboth
asymptotically nenexpansive. Hence our results are
improvements and generalizations of the results of
Schu[10], Osilike and Igbokwe [6], Xu and Noor[13],
as well as Owejori and Imoru[7] and other relevant

results (o the more general moedified three-step iteration
methods.

CONCLUSION

In this work, we have been able to establish strong
convergence results for some improved medified three-
step iteration methods for fixed points and common
fixed points of asymptetically nonexpansive mappings
in uniformly smooth Banach spaces. Our iteration
methods here are generalizations of the previcus
modified Mann and Ishikawa iteration methods
intreduced by Schu[10] and Xu and Neor[13].
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