Journal of Mathematics and Statistics 8 (1): 113;2D12
ISSN 1549-3644
© 2012 Science Publications

On the Derived Subgroups of Some Finite Groups

'Rashid, S.!N.H. Sarmin,
’A. Erfanian andN.M. Mohd Al
'Department of Mathematics, Faculty of Science &ma ISina
Institutefor Fundamental Science Studies,

University Technology Malaysia, 81310 UTM Johor Bahlohor, Malaysia
2Department of Pure Mathematics, School of MathezahBciences,
Centre of Excellence in Analysis on Algebraic Stnves,

Ferdowsi University of Masshad, Masshad, Iran

Abstract: Problem statement: In this study we focus on théerived subgroup of nonabelian 3-
generator groups of ordefqp where p and g are distinct primes and p < g. i©ain objective is to
compute thederived subgroup for these groups up to isomorphispproach: In a group G, the
derived subgroup G' = [G, G] is generated by theobeommutators of G, K (G) = {[x, y]| x, ¥ G}

and introduced by Dedekind. The relations of theugrare used to compute the derived subgroup.
Results: The results show that thierived subgroup of nonabelian 3-generator grofipsder pq is a
cyclic group, Q or A;. Conclusion/Recommendations: The problem can be considered to compute
thederived subgroup of these groups without the ugbeofelations.
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INTRODUCTION Definition 3: Hungerford (1997)et G is a group. The
subgroup of G generated by the set\iXxy | x, y€

Miller (1898) introduced the derived subgroup G G} is called the derived subgrows G and denoted by
of a group G as the subgroup generated by K (G) 5.

{x. yll x, y € G}, the set of commutators of G. Let G be a group and let®be G. Then for i> 1,
According to Miller, commutators [x, y] were define @ = @ -

/ . ) D" The notation & is called the ith
introduced by Dedekind a few vyears earher.der. ed subaroun of G. This gives a sequence of
Commutators can act as a tool in all of group theor v ubgroup ' IS gV qu

For example, commutators can be used to comput?—.\“bggolJpS of G, each normal in preceding one: GG
Schur multiplier, Schur multiplier of a pair and > G~ > - Actually each ©is a normal subgroup of
nonabelian tensor squares of groups. G.
Burnside (1911) classified all finite groups ofler
Basic definitions and theorems: Includes some p’g and Western (1898) obtained the classification of
definitions and results on the derived subgroups ofjroups of order jy, where p and q are distinct primes.
nonabelian groups. The classification of all nonabelian 2-generator
groups of order Yy is given in the following
Definition 1: Hungerford (1997)et G be a group and thegrem.
X a subset of G. Let {H i € I} be the family of all
subgroups of Gvhich contains X. ThemH; is called i
denotecby < X >. generator group of ordef jo;, where p and q are distinct
primes and p < . Then G is exactly one group ef th
Theorem 2: Hungerford (1997)et G be a group and following types Eq. 1-6:
X a non empty subset of G. Then ghégroup < X >
enerated by X consists of all finite product #nit _ 8 _ f—
groduct a”laznyzagng...a("t (@ € X, n € 2). Irl?particular G=<AQIN=CQ=1

_ . 1)
for every a€ G, <a > = {d| n€ Z}. ATQA = Q" >;g=1mod 2
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G= <A Q|A= =1 A'QA= > (2) G = <A B Q|A= F= @=1,

AB = BA,AQA = Q! BQ = QB>
where, a is any primitive root of & 1(mod q), ¢g 1
(mod 4): G= <A B Q|A= B= U=1,

G= <A Q|F= O=1 A'QA= Q> 3) BAB = AL AQ = QA, BQB = Q'>
—_ 4 — —_ —
where, a is any primitive root of @81 (mod q), ¢ 1 G=<ABRQIN=FB=CJ=1
(mod 8): BAB = ALATAQ = Q7Y BQ = QB>,g= 1(mod2
G= <A QA= f=1 A'QA= G> (4) G=<AB, Q|A=B= g=1,

B2= A%, B'AB = A"'AQ = QAB OB = Q!>
where, a is any primitive root of ap1 (mod q), ¢ 1
(mOdp): G = <A,B’Q|N: g: Q:_’]_,

G = <A Q|A®= = LA'QA= @G> (5) AB = BA ATQA = Q" BQ = QB>
where, a is any primitive root of ap21 (mod q), ¢ 1 where, a is any primitive root of.
mod p):

( P a*=1(modd ande (1 mog:

G= <A Q|A”= ¢'=1 A'QA= @G> (6)

G=<ABQ|A=B= F=1B= &,
where, a is any primitive root oP%= 1 (mod q), = 1 B'AB = A, Q'AQ = B, Q'BQ= AB>
(mod p).

—_ 4 — — —_

Theorem 5: Rashidet al. (2010)Let G be a nonabelian G = iA’_F’ _QllA ~ Bd__ d__l’ ,
2-generator group of order’qy wherep and q are BAB = A".Q"AB =B, A QA = Q'AB>
distinct primes and p < g. TheG, = C,, finite cyclic G= <A B QA= B= J=1,
group of order g Am AP B B

In this study, we focus on the derived subgroups o BYAB =A™, AQ = QA, BQ = QB>
nonabelian 3-generator groups of ordéy where p and
q are distinct primes and p < q. G = <A B QA= B= J=1,

The classification of all nonabelian 3-generator AB = BA, AQ = QA, B'QB= @G>
groups of order g is given in the following
theorem. where, a is any primitive root of:
Theorem 6: Western (1898).et G be a nonabelian 3- & =1 modg andg (1 mod)
generator group of orderqy where p and q are distinct
primes and p < g. Then G is exactly one group ef th _ _ > o a
following types Eq. 7-21: C=<ABQIN'=F= 0=1

AB = BA,ATQA = Q% BQ = QB>

— 4 — — —
G= <ABQIA=B= Q=1 (7)  where, ais any primitive root of:
BAB= A% AQ = QA, BQ = QB>
a”=1(modd ande (1 mogj

G=<ABQIA=B= Q=1 @®)
B?= A’B"AB = A} AQ = QA, BQ = QB> G=<A B Q[A?= B= Q=1

B”AB = A" AQ = QA, B'QB= Q>
G = <ABQ|A= B= J=1, ©)
AB = BA, AQ = QA, BQB = Q'> where, a is any primitive root of & 1
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(modq) ,g= { modp andd a’a.. 78 (20) Finally, for a group of type 6.14, the relation® A
=B = Qq(}l, B'AB = A""%, AQ = QA,
B'Q B= @ show that | § = pq and by computing the
—, 2 — —
C=<ABQIN=F=J=1 commutators, Gs a cyclic group of order pa
AB = BA,ATQA = Q% BQ = QB>
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Then by mentioned relations for all xgyG, [X, Y]
1 or &, ThereforeG = {1, A%}, that is,G = C,.

The proof of the second type is similar to the
first type.

To compute the derived subgroup for a group o typ
6.3, by relations AB= BA, AQ = QA, BQB = Q' and
[Q¥, B] = Q% we can obtain thas = C,.

The proof of types 6.4, 6.8, 6.12, 6.13 and 6.15
is similar to that type of 6.3.

For type 6.5, G Dy, then G= Cy

Let G be a group of type 6.6, then by relatioh A
AQ = Q'it is clear that 3 | > pq and relation, BAB:
Ashows that 1, ADG'. Thus |G | = 2q and & < BQ
>, thatis,G = Cy,

For proving 6.7, we can use the method that we
used in type 6.6.

For a group of type 6.9, G SL (2, 3), where SL
(2,3) =< a, b, c |’&= b3= = abc>. SAG = Q.

To compute Gfor a group of type 6.10, by the
number of generators and relations it isiramediate
consequence that §S4. ThereforeG = A,.

Let G be a group of type 6.11, then relatioR$ A
BP = Qq: 1, B'AB = Ap+1, AQ = QA, BQ = QBShOW
thatG'is isomorphic to
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