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Abstract: Problem statement: The number of spanning trees of a graph G is usdalhoted by(G).

A circulant graph with n vertices and k jumps is(&,.....,a). Approach: In this study the number
1(G) of spanning trees of the circulant graplswith some non-fixed jumps such ag ClL, n), G, (1,

n, 2n), G (1, n, 3n), G,(1, 2n 3n), G, (1, n, 2n, 3n), are evaluated using Chebyshevnpoiyals. A
large number of theorems of number of the spanmiegs of circulate graphs.£ are obtained.
Results: The numben(G) of spanning trees of the circulant graphg(L n), Gn(1, n, 2n), G(1, n,
3n), G(1, 2n, 3n), G(1, n, 2n, 3n), &1, 2n, 3n), &1, 3n, 6n), &1, 3n, 4n), &1, 2n, 3n, 4n),
Cio(1, 2n, 3n, 6n), &1, 3n, 4n, 6n) and &1, 2n, 3n, 4n, 6n) are evaluate€ionclusion: The
number of spanning trea$G) in graphs (networks) is an important invariahthe evaluation of
this number and analyzing its behavior is not origeresting from a mathematical
(computational) perspective, but also, it is an amant measure of reliability of a network and
designing electrical circuits. Some computation&idyd problems such as the travelling salesman
problem can be solved approximately by using spantiees. Due to the high dependence of the
network design and reliability on the graph theowg introduced the following important
theorems and their proofs.

Key words: Spanning trees, circulant graphs, chebyshev poljaienkirchhoff matrix

INTRODUCTION G and A is the adjacency matrix of G, H Sj][as
defined as follows: (i) @ = -1, when yand y are
The number of spanning tree$G) in graphs adjacent ands, (ii) a; equal the degree of vertexit/
(networks) is an important invariant. The evaluatad  i#j and (iii) 8 = O otherwise. All of co-factors of H
this number and analyzing its behavior is not onlyare equal tot(G). There are more than method for
interesting from a mathematical (computational)calculatingt(G).
perspective, but also, it is an important measure o Let p=p,>...2H, denote the eignvalues of H
rellablllty of a network and designing electricalcaiits. matrix of a p point graph' It can be eas“y Shohﬂtpp

Some computationally hard problems such as the o. Kelmans and Chelnokov (1974) proved that Eq. 1
travelling salesman problem can be solved

approximately by using spanning trees. 10t

In this study we consider finite undirected graph T(G)=*Huk 1)
with no loops or multiple edges. Let G be suchapbr P
of n vertices. A spanning tree for a graph G iaub s . .
graph of G that is a tree and contains all vertioe6 The formula for the number of spanning trees in a
.The number of spanning trees of G, denoted(8), d—regular_l graph G can be expressed as
is the total number of distinct spanning sub graphs T(g)zlh(d_uk) wherep = d, Hy, Ha,.....lp1 are the
G that are trees. A classic result of Kirchhoff 743 P k=

an be used to determine the number of spanning treeigenvalues of the corresponding adjacency matffix o
for G = (V, E). Let V = (y,v,,...,v;)). The Kirchhoff the graph. The circulant graphs are an importaagscl
matrix H is defined as nxn characteristic matrixxH of graphs, which are used in the design of locahar
D-A, where, D is the diagonal matrix of the degreés networks.
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It can then be shown from this recursion that by

n .
Let 1sa<gs<.< QSE’ where n and @ = expanding det A(x) one gets Eq. 5:

1,2...,k) are positive integers. An undirected ciacttl

graph G(a,a,...,a) is a regular graph whose set of U,(x)=det(A (x)),nz1 (5)
vertices is V = {0,1,2,...,n-1} and whose set of eslige
E ={(i, i+a(mod n))/i=0,1,2,...,n-1, j = 1,2,... k}. Furthermore by using standard methods for solving

r akSE' then G(aua,...a) is a 2k-regular the recursion (4), one obtains the explicit formitta 6:

graph; if ak:g, then it is a (2k-1)-regular one, Un(X)=;[(X+\/X2—1)n+1

ANx*-1 (6)
Nikolopoulos and Papadopoulos (2004). The simplest —(x—\/xz——l)”*l],nzl
circulant graph is the n vertex cyclg (). The well
known formulat(C, (1, 2)) = nkZ, where Fn is theth ) o
Fibonacci number defined by the recursive relafips ~ Where, the identity is true for all complex x (egtat x
Fo+F.o N = 2, 3....with initial conditon §= 0, F=1, = +lwhere t_he_z _functlon can be tak_en as the limit). _
Kleiman and Golden (1975). The formulas €, (1, The definition of_ L_,|(x) easily yields its zeros and it
3)), 1(Cy(1,4)) and more general results have recently}:an therefore be verified that Eg. 7:
been obtained by Yong and Atajan (1997). The
formulas oft(Cz, (1, n)),1(Csn(1,n)), T(Can(1,n)) can be | (x) = 2n—1n_1 (x - COSE) @)
found in Zhangat al. (2005). mt H n

Chebyshev polynomial: Now we introduce some some One further notes that Eq. 8:
relations concerning Chebyshev polynomials of tiet f
and second kind which we use it in our computations — (_qyn-1
. : o U_(=x)=(-D"U 8
We begin from their definitions, Zhanga al. a2 = (DT U0 ®
(2000).
Let Ay(X) be nxn matrix such that: These two results yield another formula fogX):
2x -1 0 2 — nifm 2 _ E
o Uy.1100 =47 0 - cos" ) €)
A(x)=| 0

c']‘ _1 ;i ~Finally, simple manipulation of the above formula
yields the following, which also will be extremely

useful to us latter Eq. 9-12:

where all other elements are zeros.

Further we recall that the Chebyshev polynomials

2, 2j
of the first kind are defined by Eq. 2: U, ( XZ )= I_J (X—2COS%[) (10)
=
Ta(x) = cos(narccosx 2) Furthermore one can show that:
The Chebyshev polynomials of the second kind are 1
. 2
defined by Eq. 3: U, (x) :272[1_T2n] =
a-x)
. (11)
- ——1-T,(2x* -1
U..() :liTn(x) _ sm(n arccosx 3) 200- Xz)[ o )]
n dx sin(arccosx)
And:
It is easily verified that Eq. 4:
1 n n
U, -2xU, ,(x)+ U, ,()=0 (@) Tl =M NXE )T (=] (12)
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Lemma 1: The Kirchhoff matrix of the circulant graph
&) has n eigenvalues. They are 0 andierm and j = 3 in the fourth term for some integgr,

Ch (ana,...
0j,1<j< n-1 the values:

2ni
where,e=e" (Biggs, 1993).
Plugging this into(1) yields:

Corollary 2:
T(Cn(%lgy ........ ,'5 )#
1|n_J_1(2k—£'s“'— ..... g8 —gdlo | —g%))
n-1
—1”(22 2cos—1— 213”
Theorem 3:

r(cen(l,n))=g[<\/§+\/%f"+

(\E —\/%)3"]24(& +1)"+ (2=
x[(\/%\/%)w\/g—ﬁ“]*
x[(\/Z+\/§)2" +(\/Z—\/iz)2"+1]2

Proof: Lete =", By Lemma 2.1 we have:
1 6n-1
1(Cq, (1, n))-—l_ll [4-—eT—g™ —gl —g"]
6n-1
i|_1|[4 ZcosgJ Zcoszln ]
6n 6n
6n-1
-1 |_1|[4 ZCOS@ 200& |
6n
6n-1 i 6n-1
=1 [3—200@% H [2- 200%]
6N o231 6n " il 6n

6n-1 1 6n-1

2 21
X |_| [6—20086ﬂ]>< |_| [5—2cos6—Tr:]]

i=1,241,3} j=1,213,31]
21 21

n r1(3—2cos— )(> 2cos—
ial—Jl[s 200 2TU]XEIS_J1( 6n )( 6n
(6- 2006% )(5- 2cos— Trq]

6n- 1(5 2C057) 6n—1(6_ 2C )
6n

X 2 X
)= (3—2005—1-[]) )=
6n

(3 2002% )
6n

Put j = 6 in the second term, j =j2in the third

we get:

r(cﬁn(1,n))_a|"‘1 [3- 2cos2Y 2"’

j=

Son T

1 (8-2cos— 21'[1 (2= 2c02ﬂJ )

1= (6—2C087 )5 2c02]TJ )

21 2T[
3n-1(5— Zcoss—nJ ) 2n1(6-2cos— ) )

X X
I_l (3-2co 2T[J) l_l (3 2c02ﬂJ )

1 Gnl\f)tun- \f)mﬁa)mm(\f)mzﬁ(f)

on UL.(2)li \f)msm/;)mm(\/;)
:g[(\/%\/ij)“+<\/:4—\/%3"]2x[(¢2‘+1)“+(d§—1)"12
x[g/%ﬁ)"+(\/§—\/:fl)“r2x[(\/2+ﬁ2"+(H—ﬁ2"+1]2

where, are used to derive the last two steps.

Theorem 4:

2+ 1+ ¢/ 2= 1 |
5 3 2n 5_ M\ 2n 2

X[(\g+\g) +(\E \/E) +1]

Proof: Lete =¢*™®". By Lemma 2.1 we have:

T(Cen(l,n,Zn))zg

6n-1

(G, (1, Zn))—frll [6-¢ J g™ —g2n _gi _gni _g2n ]

6n-1 H
i|_1|[6 ZCOSfJ 2cos— 2rn _ 200@ ]
6n 6n 6n

6n-1
i|_1|[6 ZCOS? ZCOST:%— 2002%3 1

6n-1 6n-1
i [7- 200@ 200@ ¥ [4 Zco@ 200%]
6n;t 4 6n L2 6n
l 6n-1 J - 6n- ]_4 2(30527.‘-q 2COSTE
” [7-2cos— - 2c0$ ¥ ” 6n 3
6n Iy

7- ZCOSﬂ 2cos>
6n 3

Put j = 3j in the second term for some integéey we
get:
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6n-1 H 1
T(Cen(l,n,Zn)):irl [7- Zcoszﬂ— 208 b
6nf. 6n 3
2m;j .
Zn_14—2cos—1— 2cog j 1 oot 2mj
22T[” == [6-2cos—]
7- 2cos—2J 2cogt | CLIEEAEY 6n
6n-1 6n-1
x ” [5-2co 2T[J] ” [9- 2cos— ZT[J s— k
i=1,21},3]j 6n " Liaag
6n-1 H
[8—2005@]x

i=1.211,31
2n-1 2n-1
[] [6-2c0 02U [ [2- 2cof™ 2”’ Gl

1 2n " fay
2n-1 -1

[9-2cos28 x [1 [5- 2cof™Y 2"‘ 21 | 6n
i=1.21j 2n 7 iy
6n-1 2TIJ

l_l [6 -2cos—
21 21y

6n-1(6— 2cos—— ZT[J V(5 200% ) 6n-1(8—2cos— on
X

Zm) 21j 21

=l (9-2cos— ZT[J )(8 2co 1=l (6-2cos— on

n-12 = 2C05@
2n

21j

2mj
s o1 6-2cos—
x 2n

en-1(9 — 200567) [6 2cos_ 2n

X

2T[] ) 21 21

D [9-2cos—— on

] 2n-1 59— 2(’2052H
2n

1 9- 2cos—2nJ

2n

1=l (6 -2cos—

Put j =6 in the second term, j = 2 j’ in thieird
term, j = 3 in the fourth term and j = 2 j’ ilne sixth
term for some integer j’, we get:

6n-1

1(Cy,(4,n,2n))=— n [6- 2cos— nJ %
n-1 (6—200 )(5— 2c )
= (9- Zco )(8— Zc )

. , 2n-1 2 :
3n—1(8_20052ﬂ) 2&1(9_20057) [6- ZCOS?T:]
N

(6- Zco ) = (6- 2c ) |_1|[9 200
n_12—2co%m
IJ:J 6_200527-“]' Ugn 1(\/§)DJ r)—l(\/7)
x o f[(ﬁ +1)
w5-2c05 8 Oy (e 4( )
1= 9—200@
n
3012 ¢ E § 2n E’_ § 2n 2
+(N2-1] [((f@ +(£ \E) +1]
Theorem 5:

8 (1): 24-31, 2012

(Caltn a2+ By ([0 By

(B +42) +(f3-V2 F
7 3 2n 7_ A 2n 2
x[(\ff\g) +(\/;1 \/E’g +1)

Proof: Lete =&”™®". By Lemma 2.1 we have:

6n-1

T(CSn(l,n,Sn)):i |_1| [6-7 —g™ —g@V—gl —g" -

6n-1 i H
=1 [6- Zcos@ Zcoszln— ZCOQTin ]
" 6n 6n 6n

6n-1
i|_J[6 2003@ ZcosTE— 2cas j]
6n 3
6n-1
i [8- 2cos@ 2009]
6n;k 6n 3
6n-1 i
COS— —2C0S—~
[4 2 2"] 2 ”’]
2l
6n-1
cos— - co&
1 8-2c0s2U - 2
6n

Gn_14—2co@— Zcosrﬂ

XI_J 6n 3
1= 8—2c032—m— ZcosTE

6n 3

Put j = 2} in the second term for some integer
we get:

6n-1

1(Cy, (LN, Sn))— |'J [8- 200%— 2cos]r |

sad—2c02 2c02”‘ .
I_J 3N 3.1 [7-2co 2"1]
2m 2T 6n. 6n
8-2cos— - 2cos— i=L,241,31
3n 3
6n-1 6n-1
x [] [6-2c0s=" 2”’ Sk [10- 2c02’Tj AL
j=1.2(},3]j =1.2115,3lj
6n-1
[ [o- Zcoszm]
i=1,211,31

3n-1 J ZTq

[5-2cos— Jx rl [2- 2cos— ]

MER) 3n I 3n
3n-1

3

[6 ZCOSZH ]

[9- 2cos@ ]x
3 L 3n

=131
l 6n-1

= on |'1|[7 2co j]

on-1 (7 —2Cc0s— 21Tj )(6— 20021Tj )

X

(10~ 2co2™Y 2"‘ LR 2032"’)
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3 ] . — A2Ti/6n .
en_1(9—200@) s (10 26 yall ) Proof: Let e =e’™*". By Lemma 2.1 we have:
x 6n "y 6n]

. 2rj L
= (7-2cos— ) 1t (7~ 2cos— 6n-1 . ) S . v

( 6n ) ( 6n ) r(CGn(l,Zn,Sn)):i I_ll [ —g?M —g3n_gl_g2n_ g3 ]

2-2cos— 2nj )
3n-1 6n-1 i
3n-1 rj —irj[G ZCOSfJ 2004an 2co2U" ]
”[5 ZCOSf] 5- 200 6n 6n 6n
1 6n-1 2T[J 2T[J
3n 1 R
I—J[g 20087 Jon- 16— Zcoss—m I_J [6- 200867 ZCOSE 2cas ]
2 6n-1
=1 9- ZCOSﬂ -1 [8- 200@ 200@* [4 ZcoszL[J Zcosﬁ]
3n 6n;L 3, 6n b 6n 3
21y 2m
Put j = 6 in the second term, j =j2in the third ~ _ 1 ¢t 2mj 2T[] en-14 = 2C0S = 2C05*
. . : . . —[1[8-2cos— - 2cos— ¥
term, j = 3j' in the fourth term and j =j3 in the sixth I_J 6n

n 8- ZCOSZ—T[] 2002T[]
term for some integey , we get: 6n

s , Put j = 2} in the second term for some integer
—[1[7 —2cos— T[J we get:
g

2T[J ) 1 6n-1 2T[J

21
- 7—200 6- 2cos5— n-1(9—2cos— 21
: ( S n )l 1(C,,(1,2n,3n)F — |‘J (8 2c087)- 2068 J

= (10- 2cos™Y 2"1 <)o 2co8™ 2"1 )J= # 2c92§E , ,
2 n 3n—l4_2005£ 2cos— ;[J 1 6n-1 2]_[]
21
2n-1(10— 2c0s- ) J) | is- 200?] XDS o2 2co4"1 o ﬂ[8 2c0s
* ]x3” - 3n
D (7—200 ) ”[9 2cos=—2 Zm ., 2Tq ,
3n-1 COS— — CO>57

21y 3n _1
21y -2 cos—* K —
n-12-2c05 = l_‘! 10- 2cos— 23n] 400% ~6n

D 5- ZCOSZE 6n-1 2.,.[]
x— N [9 -2cos—] x [6 ~2c0s2H Ix
116 2c0os2T 1:31' 411 én o '1’ 6n
— A 21 21
D 9- 200l i M[S 20053— ]>< “[2 Zcosﬁ 1
n 3n-1 T 2T1] =
9 9 7 [9- 200% ]x [6 200% ]
Ugn—l(\/i) Il"z—l(\/i) D-"22n— {\/é) EU23ﬁ {\/i) =131 3]
_n 4 4 4 -
6 9 9 7
Ui Ut (s (B ) o (6205 )

I‘J[g 200 ]XI_J TT] x
1= 9-2
:E[(\/§+\/i5)2n+(\/i9_\/i§2n_l]2x[(\/§+\/§)n ( COos— n )
6Va \a 4 2
7 I3 7 [3 awa(2-2c05, 1)
+(x/§—x/§)”]ZX[(\/;+\/;)2”(\/;-\/;)“1]2 N—

”[5 200%] = (5-2co “])
3n

3n-1

Theorem 6: D[9—2cos§] 3n_1(6—2co%)
)= (9—2c0523—Tr?)
n 11 7., 11 [ 7o
wCaananE (B [Ty I [Ty g
7 3. 7 320,12 . [ Put j = 6} in the second and fourth terms for some
x[(J}J;) +(J;1 \/ij, G2+ 20T e we get:
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i (6 Zcoé) Put j = 2} in the second term for some integer

— I‘J [9- Zcos% x I‘J we get:
9- 200% )

6n-1 o
1(Cy,(4,n,2n,3n) F — 1 ” [16- 2co%n chg ZC%%

12 2(:052—1-[J
3n-1 21 21y
I_J[S 200%] B | len_JJlS—ZCOﬁ— 2005?— 4césﬁ3-
31 o 12- 2c0&9 - 26087 Zm— 406€7
n[g ZCOSf] n-16—2c0os— . 3
6n-1 1
- 2 -1 9—2005@— Zcosrr[J
7 9-2cos 7 on ]! 6n 3
11 Fi 21 T
nUén_l(\/;)EU o N2) U7, ])Eu ﬁ(\f) “[]6- 200% 2cos;
=— ]
6 11 1 3n-1
Ugn—l(\/;)u'JZZn-l( Zl)wzn—ﬂ\/i)mzw {\/;) (8_2(:0 ) (2_ 2cos— 2n )
L] 3 31 3n
ne [11, [T\ \Fl \F 2 \f 7 \f j o 2
=—[([—= +. =)+ (= —+[7) X[+ L — 12- 2cos— 6- 2cos—
6[(\/: \/:1) ( 4 4) 1 4 i, “( 3n ° ) 18 ( 3n
7 3 i
+(\/£_\/;)2n +1Px[(V2 +1)"+ (V2 - 1)) 160 . en-18- 2C0826ﬂ 200%

|_1| [9- 2005@ 200& % I_l >
~6n 6n 9-2 0036—1-[J 2 co%
n

Theorem 7:

n [5 [3 5 [3 3”‘12_2005%11
r(CGn(l,n,Zn,3n)):g [d;+£ i+ d;—J; Jr 3n_1[8—20052—qu] I:llg_zcoséiq

X 1= X n
+1]2x[(@+ﬁ)"+(f3—f2)"]2x[(\g+\/§)2”+ ?in'lll[12 zCOF] 4016 2co%

n

2
(\E —\E)Z"ﬂ]*x[(ﬁ +2)""+ (f3-V2)+ P 97 2c0s, ) 3T“

Put j = 3 in the second and fourth terms for some

Proof: Lete =¢™*". By Lemma 2.1 we have: _
integer j', we get:

1 6n-1 » . ~
1(Cy,@,n,2n,3n) ) —[] [8- —e™ —g™" 6n-1
° 6HD T(C,n (L0, 20,30) F — anl] & 2c0%] 21 _ 2ce§ x]
) i 1 en-1 27[] 6n
—g — gl gl — g2 _ 3] = rJ [8 -2cos— om
n-12—2C0S—
21jn 4mjn 6mn 21 st 211] l_l 72?“
_200567n— 2c0s——— 6n :}7 18— 2C0S— — 2COH J”[S—ZCO ] i1 8 2cos—
6n-1 2 2 Xl_l 22 J 3n-1 2].[] 2?-[]
[8 Zcos—J ZcosTE 2(:05E 2cos | 9-2cos_— - 2cos [12 2cos— ] -1 6 2c0S—
6n 3 3 2n n
u AL
1A j U 2y =112~ 2cos™
=6— [10—200?—2c0%3— ZCOS§ X n
N2 2y 6n-1 6n-1
one1 : o 5 -1 |_| [8—2co 21'[] }>< [7- 2002]-[J ¥
[6- 20820~ 2co8 -~ 23N :}— CUIEENET =1.21j,3lj
21 6n 3 3 6n 6n-1 2-“] 6n-1 2-,-[]
6n-1 o1 2 [11-2cos— ]>< [10- 2cos— ]
”[10 Zcos—J Zcogﬂ— ZCOST—'] b i=L2/).3] FL203l]
6n 3 3 2n-1 2TU 2n-1 2TU
2 1 21 U [10—200%] [6- 2cos—
gn_1 6—2C0S= — 200&3— 2co% MLE] L2 2n
- . - 21 2mj 2 21 .
4 10- 200820 - 2008 - 2D ] A1-2cos_ - ] [7_ 2cos, .
6n 3 3 j=L2j 2]
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n12- 2(:052—7-[J

3n-1 1 - n

”[S_ZCOSZSE] I_JS ZCOSZE
X

l 6n-1
n |_1|[8 2c0s2
n[12 200%] n-1 6— 200
=12- 2002%:]
pay
6n-1 (8—200 )(7 20 ) on-1 (18 2c65%)
x 6n
4 (11- 2c0&2 2“] ST )0 2c02Y ) = (8—200326—2])
2n-1 6_2(:0527.'-q

2 . 2n-1 2-‘—1] |_J 7%”
on1(11— ZCOJ ) I'J [10- 200%] = 10- 2cos2ﬂ

X

o 2

= (8—200 ) |‘J[11 2cos%] o1 7~ 2C050 ZT:]]
4 11- 2c02™

2n

n-12— 20052—;[]

8-2cos— 2rq
2TtJ

3n-1

I_J[S—ZCOSZ—TU] ”

X
3n-1

”[12 200%] n-1 6—2cos—

X

=1 12— 20032%1]

Put j = 6} in the second term, j =j2in the third
term, j = 3j' in the fourth term and j =2 in the sixth
term for some integey , we get:

6n-1

1(Cs,(d,n,2n, 3n)): I_l [8 2COS— 4

21

-1 (8—2cos— ZT[J s— )(7- 2cos— . ZT[J s—)

) 3n-2(10- 2cos—

]x
2"’ )D @® 2c23T;J )

= (11- 2cos™? 2”1 £Uya6 2008

1 6-2c0s2Y
an1(11- 2cos2 Y 2"’ ) 7o- 200%1 I:110 2cos”™ 2"’
X
2
1= (8—200%) I‘l[ll—Zcos@] n-1 7 —2C0S— ZT[J
2n’ L 2 o
=1 11— 2cos™? J
n-12—2C0S— 21
3n-1 3 7”
[8-2cos2] g 5.0 2M
e 3n n
3n-1 : 2
I'l[lZ—Zcos@] n-1 6—2cosﬂ
IRy R—
1=112- 200%“J
n

30

2 5 2 7 2 2
_n uenl(@ al Aﬁ) W3, (V3)U3, (/3)
° uzn-1<\/§>w§m<\f;)wi (32, (f3)
_n 5 4n 5_ A4n 2% 77 X2
EL RN TAtE
+(\Z —JE)Z“ AP X[(V3+42)""+ (f3-4/2)7"+ 1]
[(V3+2) + (3-V2) P

Now we conclude that a few more applications
(proofs omitted).

Theorem 8:

n 7 3 Z_ } N
T(C12n(1,2n,3n)):ﬁ[(*4"'1{*43 + (/4 1/ 4)4 1f
7 3 2n 7_ M 2n 2
R N e
N E I ER
N A e

(2 +1) + (2=
11 (7., 11 [ Zon_a1o
x[(\/}\/;) +(\/74 \/;) I

Theorem 9:
3n /5 [3, 5 |3,
«(Cunanonr 3 ([5e Byos ([5 [Py
X[(W2+)"+ (2=

Theorem 10:
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