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Abstract: Nominal data occur in many scientific fields, such as health-
related studies, transportation, and econometrics. Due to the ubiquitousness
of missing data, it is inevitable to analyze nominal data with missing values.
As is well known, statistical methods for analyzing nominal variables are
quite limited. The Multinomial Probit (MNP) model has been an essential
tool for analyzing nominal categorical data, but the computational
complexity of maximum likelihood functions and stringent model
identification bring a rigorous task for both likelihood-based estimation and
Markov Chain Monte Carlo (MCMC) sampling, hence confine the utilization
of this important model. Advanced developments in Bayesian computation
have shown the promising performance of Parameter-Expanded Data
Augmentation (PX-DA) in MCMC sampling. Accordingly, in this
investigation, we propose PX-DA to analyze nominal data with missing
values using MNP models. We conduct our investigation through simulation
studies and an application to the Mental Health Client-Level Data. Our
investigation demonstrates that the proposed methods significantly improve
the convergence and mixing of MCMC sampling components and can handle
nominal data with substantial missingness, and thus enhance the practical
usage of MNP models in the field of discrete data analysis.
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Bunch and Kitamura (1991); Geweke et al. (1994);
Hajivassiliou et al. (1996); Train (2009).

The rapid advancements in Bayesian computation
have significantly rekindled the interest in the study of the

Introduction

The MNP model is a discrete choice model for
individual decision-making and has been commonly

explored to analyze nominal data due to its well-known
advantage over the popular logit model, i.e., its relaxation
of independence of irrelevant alternatives et al., 2018;
Hausman and Wise, 1978; McCulloch and Rossi, 1994).
However, it is challenging to be utilized due to its
computational complexity of maximum likelihood
functions and fragile model identification.

Frequentist methods have been proposed to address
the computational challenges, such as a minimum
distance method (Berndt et al., 1974) approximation
methods (Clark, 1961; Horowitz et al., 1982; Kamakura
and Russell, 1989); the method of simulated moments
estimator (McFadden, 1989; Pakes and Pollard, 1989) and
simulated maximum likelihoods (Geweke, 1991;
Hajivassiliou and McFadden, 1998; Keane, 1992, 1994).
Other related work can also be referred to Bunch (1991);
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MNP model. In particular, the emergence of Gibbs
sampling (Gelfand and Smith, 1990) and the development
of MCMC methods (Tanner and Wong, 1987; Gilks et al.,
1995) have laid the foundation in developing MCMC
sampling algorithms for the MNP model. Pioneering
works include Albert and Chib (1993); McCulloch and
Rossi (1994); Nobile (1998), McCulloch et al. (2000);
Imai and van Dyk (2005); Zhang et al. (2008); McCulloch
and Rossi (1994) conducted seminal work using Gibbs
sampling to estimate the MNP model. Nobile (1998)
proposed a hybrid Markov chain that includes a
Metropolis step to improve the convergence and mixing
of the MCMC sampling developed by McCulloch and
Rossi (1994). Further, McCulloch et al. (2000) modified
the approach of McCulloch and Rossi (1994) by
addressing non-identification through prior specification.
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However, this method suffers slow convergence,
commented by Nobile (2000). Albert and Chib (1993);
Zhang et al. (2008) proposed rigorous Metropolis-
Hastings (MH) algorithms to sample a restricted
covariance matrix due to the model identification issue.

PX-DA has been proven to be prominent in the
convergence and mixing of the MCMC sampling
components (Liu and Wu, 1999; Meng and Van Dyk,
1999); Lawrence et al. (2008); Zhang (2020, 2022)
investigated the matter using multivariate probit models
for multivariate ordinal data, while Zhang (2025)
extended to multivariate ordinal data with missing values.
Imai and van Dyk (2005); Zhang (2026) implemented it
to MNP models for nominal data without missingness.
However, the omnipresence of missing data requires
statistical methods that can handle missing nominal data.

Rubin (1976) introduced the concept of missing data
mechanism, which can be categorized as Missing
Completely at Random (MCAR), Missing at Random
(MAR), and Missing Not at Random (MNAR). The
MCAR means the missingness is irrelevant to the
variables included in the model; the MAR means the
missingness is relevant to the observed values of the
variables included in the model; and the MNAR means
the missingness is relevant to the unobserved values of the
variables included in the model. Ignorability requires both
MAR and independent priors of the parameters of the
model and those of the missingness, i.e., those parameters
are distinct. Under the assumption of ignorability, the
likelihood-based and Bayesian inferences can be solely
based on the observed quantities without taking into
consideration the distribution of the missingness.
However, without ignorability, the statistical inference
must take account of the missing data mechanism, and the
estimation can be sensitive to the assumption of the non-
ignorable model, for which the data contains no
information (Carpenter and Smuk, 2021; Harel and Zhou,
2007; Little and Rubin, 2019).

In this investigation, we develop PX-DA to analyze
nominal data with missing values using MNP models and
assume the ignorable missing data mechanism, which is
the basis for Bayesian missing data analysis and multiple
imputation ( Buuren, 2018; Buuren and Groothuis-
Oudshoorn, 2011; Schafer, 1997; Wijesuriya et al., 2025;
Yucel, 2011).

Materials and Methods
The MNP Model

Let v; = (Y, ...,YL-(kH))T denote a multinomial
vector, where i 1,...,n indexes subjects and j =
1, ..,k + 1indexes categories. Define Y;; = 1 if subject
i chooses category j and Y;; = 0 otherwise. To simplify,
we introduce a vector d = (d4, ..., d,) T, where each entry

20

corresponds to the chosen category for subject i, i.e., d; =
J is equivalent to Y;; = 1. The MNP model assumes an
underlying latent utility vector U;

(Ui, ...,Ui(kH))Tassociated with each observed Y;. The
observed category is determined by the maximum
component of U;, reflecting the notion that the individual
selects the category with the maximum latent utility score.
Formally, this can be stated as follows:

Uy 1)

d=jeUy= ma,
Further, the MNP assumes that the vector U; is
distributed as a multivariate normal distribution with
mean A; B and covariance matrix S, where A; denotes the
(k +1) xp covariate matrix for subject i, and B
represents the p X 1 regression parameter vector. i.e:

)

Where 6; ~ N,,4,(0,5) , a multivariate normal
distribution. Each row of A; represents either subject-
specific covariates with identical elements across the
alternatives, or outcome-specific covariates where
elements may differ across the alternatives. It is noticeable
that the model defined in Eqg. 1 is not identifiable. The
model remains unchanged if any constant is added or
multiplied to both sides. The identifiable MNP model is
commonly specified as follows:

0,
di = {]’

Where Z; ~ N, (X;B, 2,) with X; being the covariate
matrix, B being the regression parameter vector, and X,
being the covariance matrix with the first element
{Z.}11 = 1 (Geweke et al., 1994; Imai and van Dyk, 2005;
McCulloch et al., 2000; McCulloch and Rossi, 1994;
Nobile, 1998; Zhang, 2026).

However, X, being a restricted covariance matrix
with {Z,.};; = 1, results in a demanding task to develop
efficient MCMC sampling methods, and rigorous MH
algorithms are usually entailed (Albert and Chib, 1993;
Zhang et al., 2008). Even with the circumvention of the
MH algorithm, using Gibbs sampling still shows deprived
convergence in MCMC sampling (McCulloch et al.,
2000). Based on the seminal work of Liu and Wu (1999);
Meng and Van Dyk (1999); MacEachern (2007), the
MCMC samplings based on non-identifiable models may
improve the convergence and mixing of the MCMC
components in comparison with those based on the
identifiable models. On that account, we construct a non-
identifiable MNP model by assuming Z; ~

Ni(o% X8, £,) in Eq. 2 (Zhang, 2026), where gy,
mimics an artificial variance parameter. Evidently, the

Ui = Alﬁ + 6!"

ifmaxZ; <0
flslsk u ’

®3)

ifmaxZy =27;; >0
flslsk il ij
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identifiable model in Eq. 2 becomes non-identifiable due
to involving the artificial parameter o;,. Define W; =

alll/zzi, then correspondingly, the model can be written as:

0,
d,: = {]’

With W; ~ N, (X;B,0,,2,). In particular, g, %, is a
covariance matrix without restriction and we denote ' =
0112, in the following discussion.

ifmaxW; <0
flslsk a

if maxWy = W;; >0

<ls

(4)

Parameter-Expanded Data Augmentation for MNP
Models With Missing Values

We then extend the work of Zhang (2025) for
complete nominal data to missing nominal data. Denote
d = (dops) Amis) » Where d,,s = (dobs,1: ---rdobs,nl)
indicates the observed n, chosen categories and d,,;; =
(d,,,,-s ny1 s A n) indicates the unobserved (n — n;)
chosen categories. Correspondingly, we denote W =
(Wobs ’ Wmis ) with Wobs = (Wobs RN Wobs ,nl)
corresponding to dops and Wi =
(Wm,-s iy o Wi ,n) corresponding to d,,;, . Then the
joint posterior density of 8,2, W,,, and W,,;. given d
can be characterized as:

p(ﬁ'zri/vabsr Wmis | dabs) x P(ﬁ) X P(Z) X
Hi=11 Iobs,i¢ (Wabs,i;Xabs,iﬁ! 2) X
M n,+1) @ Winis,is Xmis,iBr £)

Where ¢ is the standard normal density function, and:

lobsi = 1(dob$,i=o,wob$,u<o,l=1,..,k)
k

X!
(dobs,l:1:Wabs,il=
=1

Being an indicator function
compatibility of d ; and Wy, ;.

Then, each full conditional distribution can be derived
as follows:

1‘§,§S><k(Wobs,ih.0) )

indicating the

B (E Wy, Wi, dops ) ~ Ny (B, V), @ multivaratie
normal distribution, assuming the prior of g follows
N,(b,C) , where Vg =L, X/ 27X, +C )™
and § = V(T XT27W; + C71b).

Wibs ij | (B2, dovs i» Waps igqzj ) 1S @ truncated
normal distribution, i.e.,

p(Wobs,ij 18,2, dobs,ir Wobs,iq: q#* ])
= lpps,i X p(Wobs,ij 8,2, Wobs,iqf q* ])
= Lops,i X @(Wobsij; Mobs,ij» Tobs,ij )

Where, mg,,;; and t,p,;; are conditional mean and
variance of W, ;; given Wo,e;_jy:

21

Wmis,ij | (ﬁ,z, dobs,il Wmis,iq,q#j) X

Wiis ij | (B Z, Wiis iq.qj) i @ normal distribution
without truncation, since d, isonly related to W,
and contains no information about W, , thus:

p(Wmis,ij |:8: Z: dobs,i: Wmis,iqr q * ])
= p(Wmis,ijlﬁr Z, Wmis,iq: q* ])

= ¢ (Winis,ijs Mumis,ij» Tmis,ij)

Where m,;s ;; and t,,,;5;; are conditional mean and
variance of Wy, ;; given Wi ;- jy:

X | (ﬁ! Wobs ’ Wmis ’ dobs ) ~ W_l(V*: m*)v an
inverse-Wishart distribution, assuming a conjugate
prior for X ~ W~1(V,m), where, V* Lo -
XPHW;,—X;p)T+Vandm* =n+m+k+1

Then, the MCMC sampling scheme can be
implemented by four Gibbs steps, i.e., a multivariate
normal distribution for B | (2, W, Wiis,dops ) » @
univariate truncated normal distribution for each
Wibs ij | (B, Z, dovs i» Waps igq#j ) » @ Univariate normal
distribution without truncation for each
Wiis ij | (B Z, dops s Wiis iq.q=j) @nd an inverse-Wishart
distribution for 2 | (8, W_ps, Wis » doss )- One key point is
that based on sampled W,,;; ;, the missing value d,;; ; can
be imputed, i.e., if W, ;, <0,l=1,....k thend,; ; =
0; otherwise if W,,;;,; = max (Wiis in, 0), then d,;s

Jj. Another important feature is that sampling covariance
matrix X is a Gibbs sampling from the inverse-Wishart
distribution stemmed from the non-identifiable model
constructed in Eg. 3 instead of a demanding MH
algorithm required by the identifiable model in Eq. 2. We
refer to this algorithm as the parameter-expanded Gibbs
sampling algorithm (PX-GS).

Based on Liu and Wu (1999), o, , the artificial
variance parameter, can be marginalized out through two
steps:

Samp”ng (Wobs , Wmis , 0-11) | (.B! Zr' dobs ) by

sampling oy4 | (B,Z,, dops ) ¢ 041|Z, followed by

Samp“ng (Wobs ’ Wmis ) | (ﬁ' 21”' 011, dobs ) x

(Wobs , Wmis ) l (.B! z, dobs ) Here:

011 | £ ~ Scaled-inv- X[ka’tr(vz-;l)]

Sampllng (:8' Zr! 0-11) | (Wobs ’ Wmis ’ dobs ) by
sampling 8 | (2, W, , W,is, dops ) Tollowed by
Samp“ng Zl(ﬂ’ Wobs ’ Wmis ’ dobs )

We denote this algorithm as the parameter-expanded
Gibbs sampling with marginalization (PX-GSM).
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Simulation Studies

We conduct simulation studies to investigate the
performance of the proposed PX-GS and PX-GSM based
on the nonidentifiable model and compare them with PX-
MH based on the identifiable model, which entails the
MH algorithm for sampling the restricted covariance
matrix (Zhang et al., 2008). We generate six-choice
categorical outcome with two covariates drawn from
Bernoulli (0.5) distribution. The regression parameters
B = (B, 8,) are set at (1,2), and the 5-dimensional
covariance matrix (k = 5), Z, for the latent variable being
a compound symmetry with equal correlation being 0.5.
We assume relatively weak priors; A prior for 8 being
N(0,,100I,) and an inverse-Wishart prior for X being
wW-Y(V,m) withm = 15 and V = (m — k — 1)I. Here
I, and I are identity matrices.

We consider two missing data mechanisms: MCAR
and MAR. For the MCAR mechanism, three levels of
missing data are considered: 20%, 40%, and 60%. For
each observation of Y;, a random number is drawn from a
Uniform distribution(0,1). If the generated number is less
than the specified missing rate (e.g., 0.20, 0.40, or 0.60),
the corresponding Y; is assigned as missingness. This
procedure ensures that the missingness is completely
random and is unrelated to any observed or unobserved
information, thereby satisfying the assumption of MCAR.

For the MAR mechanism, missingness in Y is
determined by the joint pattern of two fully observed
covariates, X; and X,. Each pattern - (1, 1), (0, 1), (1, 0),
and (0, 0) is assigned a base probability of missingness to
achieve overall rates of 20%, 40%, or 60%. For example,
in the 60% case, the base probabilities are
0.20,0.15,0.15, and 0.10 for the respective patterns,
which are then scaled to produce an overall missingness
of approximately 60% across the dataset.

We investigate sample sizes of 500, 2000, and 4000,
respectively. For each scenario, we generate 100 simulated

datasets and run 20,000 iterations with 5,000 burn-in.
MCMC convergence diagnostics are performed using the R
package coda (Plummer et al., 2006). Our investigation
shows that the results for MCAR and MAR are similar.
Basically, increasing missing data percentages exacerbates
the absolute relative bias (ARB) and root mean square error
(RMSE) values, i.e., the data with 20% missingness have
the smallest ARB and RMSE values while those with 60%
missingness have the largest of those values. For illustration
purposes, we present those of MAR with 60% missingness
in Tables 1-3 and Figures 1-3. The tables exhibit in general
PX-GSM has the smallest ARB and RMSE values with the
best 95% credible interval coverage probabilities (CP)
among the three algorithms. However, PX-MH produces the
largest ARB and RMSE values for the regression parameters
and the variances while PX-GS shows the largest ARB and
RMSE values for correlations. The values of ARB and
RMSE become smaller and the CP are improving with
increasing sample sizes for all algorithms.

Figures 1-3 display the autocorrelation function (ACF)
plots. It is evident that for regression parameters 8; and 3,,
with increasing sample sizes, PX-GSM manifests supremacy
compared to PX-MH and PX-GS. For correlations, Figures
1 and 2 show that for sample sizes 500 and 2000, PX-GS has
a little edge compared to PX-GSM, while Figure 3 shows
that for sample size 4000, PX-GSM and PX-GS produce
similar ACF values. For variances, PX-GS shows a slight
advantage in comparison with PX-GSM for all sample sizes.
In general, PX-MH displays slowest decreased ACF values
among these three algorithms.

In summary, PX-GSM outperforms PX-MH and PX-
GS in estimated parameters, and exhibits exceptional in
the convergence of the regression parameters; PX-GS
shows a slight advantage in the convergence of the
correlations and variances in comparison with PX-GSM,;
PX-MH indicates weakness in estimation and
convergence compared with PX-GS and PX-GSM.

Table 1:Averaged posterior means (Mean), standard deviations (s.d.), ARBs, RMSEs and CPs for sample size 500 based on 100

generated datasets under MAR with 60% missing values

Paramete Tr  PX-MH PX-GS
ue Mean(s.d) ARB RMSE CP Mean (s.d.)

PX-GSM
ARB RMSE CP Mean(sd) ARB RMSE CP

r
B, /Jo; 10 145(028) 045 055 61 1.37(0.26)

B./\Jor, 20 302(052) 051 117 43  2.85(0.49)
P12 05 008(0.21) 085 048 41  0.07(0.21)
P13 05 007(0.21) 086 049 40 0.06(0.21)
D1s 05 0.09(0.20) 082 047 42 0.07(0.21)
Pis 05 009(0.21) 083 047 47 0.07(0.21)
Pra 05 0.11(0.21) 079 046 45 0.08(0.21)
P24 05 0.11(0.22) 080 046 49 0.08(0.21)
Dys 05 0.11(0.21) 079 046 52 0.06(0.21)
Paa 05 009(0.21) 084 048 46 0.07(0.21)
Pas 05 0.10(0.20) 081 046 43 0.07(0.21)
Das 05 011(021) 079 046 47 0.07(0.21)

0/, 10 140(0.64) 046 081 97 1.13(0.50)

0sa/0, 10 1.36(0.60) 044 078 97 1.14(0.51)

04/, 10 1.39(062) 046 081 98 1.14(0.50)

0es/oy;, 10 145(064) 054 087 93 1.15(0.50)

038 047 73 134(031) 035 049 91
043 100 57 280(0.61) 041 104 84
087 048 42 011(0.24) 079 047 68
088 049 32 009(0.24) 08l 048 66
085 048 35 011(0.24) 079 047 63
085 048 43 011(0.24) 079 047 65
084 047 42 012(0.24) 076 046 72
084 048 35 011(0.24) 079 047 64
088 049 37 0.08(0.24) 084 049 65
086 048 37 010(0.24) 081 048 61
087 049 38 0.09(0.24) 082 049 63
085 048 40 0.09(0.24) 08 049 58
020 055 100 1.17(0.64) 026 071 100
021 056 100 1.16(0.63) 026 070 99
021 055 100 1.15(0.62) 025 068 100
022 057 100 113(0.60) 026 0.67 100

22
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Table 2: Averaged posterior means (Mean), standard deviations (s.d.), ARBs, RMSEs and CPs for sample size 2000 based on 100 generated datasets

under MAR with 60% missing values

Paramet

er True PX-MH PX-GS PX-GSM
Mean (s.d) ARB RMSE CP  Mean (s.d.) ARB RMSE CP Mean (s.d.) ARB RMSE CP
B
/\/a 1.0 1.20(0.13) 0.23 0.28 59  1.19(0.17) 0.21 0.28 83 1.09(0.21) 0.15 0.27 98
Pz 2.0 2.45(0.25) 0.24 0.56 53  2.44(0.34) 0.23 0.59 81 2.22(0.41) 0.15 0.53 99
o
P12 0.5 0.28(0.13) 0.47 0.28 54  0.25(0.16) 0.52 0.31 66 0.37(0.17) 0.34 0.25 91
P13 0.5 0.27(0.13) 0.48 0.28 55  0.25(0.16) 0.51 0.31 67 0.35(0.17) 0.36 0.26 90
D1 0.5 0.28(0.14) 0.48 0.28 56  0.26(0.16) 0.49 0.30 74 0.36(0.17) 0.33 0.25 91
P15 0.5 0.28(0.13) 0.47 0.28 57  0.27(0.16) 0.47 0.30 70 0.34(0.17) 0.36 0.26 88
P23 0.5 0.28(0.13) 0.47 0.29 56  0.23(0.16) 0.54 0.32 65 0.33(0.18) 0.38 0.27 91
D2a 0.5 0.28(0.13) 0.48 0.28 48  0.24(0.16) 0.54 0.32 65 0.33(0.18) 0.37 0.27 90
Das 0.5 0.29(0.14) 0.47 0.28 54  0.25(0.16) 0.51 0.31 70 0.31(0.18) 0.40 0.28 87
D34 0.5 0.27(0.14) 0.49 0.29 57  0.24(0.16) 0.52 0.32 66 0.31(0.18) 0.41 0.29 90
D35 0.5 0.27(0.14) 0.48 0.29 56  0.24(0.16) 0.51 0.31 69 0.29(0.18) 0.42 0.29 84
Das 0.5 0.29(0.13) 0.46 0.28 57  0.25(0.16) 0.51 0.31 69 0.29(0.18) 0.44 0.30 85
0y2/011 10 1.15(0.33) 0.33 0.50 88  1.05(0.41) 0.17 0.46 98 1.05(0.47) 0.20 0.53 100
o33/011 10 1.13(0.34) 0.36 0.52 83  1.06(0.42) 0.20 0.48 100  0.99(0.46) 0.23 0.53 98
O44/011 10 1.16(0.33) 0.39 0.54 76  1.07(0.42) 0.24 0.50 99 0.97(0.45) 0.26 0.55 94
0s5/01; 10 1.16(0.33) 0.36 0.52 74 1.08(0.42) 0.21 0.48 100  0.90(0.42) 0.23 0.50 96

Table 3: Averaged posterior means (Mean), standard deviations (s.d.), ARBs, RMSEs and CPs for sample size 4000 based on 100 generated datasets

under MAR with 60% missing values

Parameter PX-MH PX-GS PX-GSM
T8 Mlean(sd) ARB RMSE CP  Mean(sd) ARB FEW'S CP  Mean(sd) ARB S'EV' CP

pi/Jos 10 113009 016 019 54 112014) 015 021 94 0970.6) 008 019 100
Bo/Jon 20  229016) 017 040 49 226028) 015 043 94 197031) 008 037 99
P12 05 034009 037 021 46 0350.3) 032 021 8 050012 018 015 95
P13 05 036009 033 020 52 0360.3) 030 020 90 048012 016 015 93
P1a 05 035009 034 020 51 0360.3) 030 021 84 046013 020 017 96
D15 05  0340.10) 036 021 51 0350.3) 033 022 76 0420.13) 025 019 94
i 05  0360.10) 033 020 62 03603 031 021 8 046013 018 017 96
0o 05 035009 035 021 51 0350.3) 033 022 84 042014) 024 019 96
0o 05 035009 034 020 53 0340.13) 034 022 8 0390.14) 026 020 94
Das 05 035009 034 021 63 0340.13) 033 022 8L 040(0.14) 026 020 92
Das 05 034009 037 022 55 0340.13) 034 022 84 036(014) 031 023 86
Das 05 035009 034 021 57 03503 033 022 8l 034014) 035 024 83
0yp/0, 10 106021) 030 039 65 104037) 021 045 96 098037) 021 045 95
0ss/0, 10 109022) 032 041 61 105037) 022 044 99 090(035) 021 043 94
Ou/0y, 10 110020) 034 042 55 106(038) 021 046 99 082(032) 025 045 87
oec/oy, 10 111022) 033 042 62 107(038) 021 045 98 074(031) 031 047 80

Real Data Application

The Mental Health Client-Level Data collects
information on individuals receiving mental health by the
Substance  Abuse and Mental Health Services
Administration in collaboration with State Mental Health
Agencies. This data includes demographic, clinical, and
National Outcome Measures information, which is valuable
to behavioral health service providers, researchers, public,
federal, state, and local governments (Samhsa, 2022).

We select clients who received mental health services
within institutions under the justice system (e.g., jails,
prisons, juvenile detention centers) in Michigan during
the 2022 reporting period. In this analysis, the first mental

23

health diagnosis is used as the response variable, and two
category-specific  covariates with intercepts are
considered: Age (midpoint of age groups) and Gender
(Female = 0, Male = 1). The dataset contains a total of
4383 observations, of which 2350 cases ( 53.6% ) have
missing values for the response variable.

The original mental health diagnosis consists of 13
distinct disorders, which we recoded into six main
categories: Trauma and stressor-related disorders (Category
1), Anxiety disorders (Category 2), Bipolar disorders
(Category 3), Depressive disorders (Category 4),
Schizophrenia or other psychotic disorders (Category 5), and
all other conditions grouped into other disorders/conditions
(the reference group). We consider relatively weak priors as
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B ~N(0100L;5) and I~W I (V=@m-k-—
1)I;,m = 15) and run PX-MH, PX-GS and PX-GSM, each
with 120,000 iterations and 20,000 burn-in.

Table 4 shows that age is not significantly related to
Trauma and stressor-related disorders (B;1), but has
significantly positive relationship with Anxiety
disorders (B,, based on PX-MH), Bipolar disorders
( B3, based on PX-MH and PX-GS), Depressive
disorders (B,;), Schizophrenia or other psychotic
disorders (Bs1), suggesting older individuals tend to
have symptoms of those disorders than younger ones.

- PX-GS — PX-GSM -

ACF

It is noticeable that the effect of gender is not
significant across all disorder categories, but Anxiety
disorders (B,,) are negatively associated with gender,
showing that females are more likely to have Anxiety
disorders compared to males.

However, in this data, the estimated variances

(between 0.20 and 0.60) for correlations are in general
large. This large variance phenomenon in correlations has
been realized and commented on by Keane (1992) and
the  well-known

Zhang (2025b) due
identification issue.

to model

= PX-MH
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Fig. 1: The ACF plots of the regression parameters, correlations and variances for sample size 500 based on 100 generated datasets

under MAR with 60% missing values
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under MAR with 60% missing values
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Table 4: Posterior means, standard deviations (s.d) and 95% credible intervals (ClI) for regression parameters using PX-MH, PX-GS,

PX-GSM
. PX-MH PX-GS PX-GSM
Categories Parameter
Mean(s.d.) Cl Mean(s.d.) Cl Mean(s.d.) Cl
Trauma and stressor- B11 (Age) 0.00(0.00) (-0.01, 0.01) -0.00(0.00) (-0.01, 0.01) -0.01(0.00)  (-0.01, 0.00)
related disorders By, (Gender)  0.03(0.08) (-0.14, 0.19) 0.04(0.08) (-0.12,020)  0.07(0.07)  (-0.07,0.20)
. . B21 (Age) 0.01(0.01) (0.00, 0.03) 0.01(0.00) (-0.00, 0.02) 0.00(0.00) (-0.00, 0.01)
Anxiety disorders
B, (Gender) -0.40(0.20) (-0.84, -0.05) -0.23(0.12) (-0.47,-0.02) -0.20(0.13)  (-0.48,-0.01)
. ) Bs1(Age) 0.02(0.01) (0.00, 0.03) 0.01(0.00) (0.00, 0.02) 0.00(0.00) (-0.00, 0.01)
Bipolar disorders
Bs, (Gender)  -0.04(0.14)  (-0.32,0.25) -0.03(0.09)  (-0.22,0.15) -0.01(0.05)  (-0.14, 0.09)
o Bur (Age) 0.02(0.01) (0.01, 0.03) 0.01(0.00) (0.01, 0.02) 0.00(0.00)  (0.00, 0.01)
Depressive disorders
B, (Gender)  -0.17(0.13)  (-0.43,0.07) -0.10(0.09)  (-0.28, 0.06) -0.03(0.03)  (-0.10, 0.03)
Schizophrenia or other ~ Bs1 (Age) 0.03(0.01) (0.02, 0.05) 0.02(0.01) (0.01,0.03) 0.00(0.00)  (0.00, 0.01)
psychotic disorders Bs, (Gender)  0.28(0.17) (-0.04, 0.63) 0.17(0.11) (-0.04, 0.40) 0.05(0.04)  (-0.02, 0.13)

Results and Conclusion

In this study, we develop two PX-DA methods - PX-
GS and PX-GSM to analyze nominal data with missing
values based on the constructed nonidentifiable MNP
model. Simulation studies illustrate that the proposed
methods outperform PX-MH based on the identifiable
MNP model in estimation and convergence properties and
can handle missing values with substantial missingness.
PX-GSM produces the most accurate estimated values
among the compared algorithms. In particular, it exhibits
superior ACF plots for regression parameters.
Nevertheless, PX-GS displays a slight edge in the
convergence of correlations and variances. Overall, PX-
MH indicates slow convergence and inferior in estimation
compared with PX-GS and PX-GSM. Our real data
application shows that model identification exhibited by
estimated large variances in correlations is still a
challenging issue in the MNP model analysis.

Our investigation assumes MCAR and MAR
mechanisms. We generate missing values for MCAR
based on the uniform distribution and for MAR based on
the pattern of the covariates generated by Bernoulli
distributions. However, it is worthwhile to consider other
possible methods to construct covariates, such as based on
normal distribution besides Bernoulli distribution or
considering more than one type of distribution, to be able
to conduct further investigation regarding missingness
mechanisms. In the near future, extending our proposed
methods to the NMAR mechanism is also worth our
effort. Given the promising performance of PX-GS and
PX-GSM, we are motivated to further extend those
methods to analyze multivariate nominal measures with
missing values.
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