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ABSTRACT

The aim of this research is to study the nonextsenf global weak solutions for systems of fraction
power. The method relies on a suitable choicesifftenction.
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1. INTRODUCTION u, + (-A)(a,u)= h(t,x)| vi
Since the articles of Fujita (1966) and OSEU Ve () Ut EA)@, V= k(LX) WY
(1968), critical exponents have attracted the &tiarof (IK)qw  +(-B)(@qu) + (-B)(as,V)
a sizable number of researchers. Fore valuablesgsarv +(=A) (W) = I(t,x) | u |
of Fujita type theorems for equations as well as fo u(,x)2 0, v(0,x)> 0, w(0,xp 0

systems of reaction-diffusion equations we refer to
Levine (1990); Samarskiet al. (1995); Bandle and N
Brunner (1998) and Levine (1990). Escobedo andfor p, g, r > 0, @ measurable, positive and bounded

Herrero (1991) considered the system: functions. The conditions on h, k and | requiregt ar
u =3Au+ P, v =Av+ V', t> 0,xJ IR 0<h(Rt,Ry) = O(R'}
2 _
(S u(0,x)= Y (X)= 0, v(O,xF y (X O 0<k(R’t,Ry) = O(R)
0<I(R,Ry) = O(R)

u,, v, O L (IR")

) ) ) Let us note in passing that Renclawowicz studied th
with 8 = 1, p, q > 0, they derived global eX|sten.ce_and completely coupled Fujita-type system:
blow-up results for (S). They showed that all pesit

solutions of (S) blow-up in finite time for:

c
1

. Au+V  (,X)0Q

max(p.g+ 1 (R){ v, Av+w® (t,x)0Q

n
pg>1 andESW W, Aw + U’ t,x)0Q

Then in Filaet al. (1994) extended the results to the With P. @, r > 0, n> 0 and nonnegative bounded
case where & 5< 1. They use the same technique as in CONtinuous initial values. She proved that, if pd,
(Escobedo and Herrero, 1991) and a property sedi&fy then any solution is global, while when pgr > 1:and
the heat kernel. In a recent paper, Ighida andn€ira
(2002) considered, with respect to the nonexistesfce n._1 max(1+ p+ pg, ¥ & rq, ¥ £ 1p
global solutions, the more general system: 2 pgr-1
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then every nontrivial solution exhibits a finiteokl-up have infinite jumps in an arbitrary time intervdlhe
time. She also uses Fujita's method. Renctawowiczlarge jumps of these processes make their varizanogs
(2000), she extended her study to a diagonal sysfam expectations infinite according fJ (0, 2) orp O (O, 1],
equations. The aim of this study is to establishv ne
results on the blowing-up of solutions to systerhshe
following type Equation 1: symmetric B-stable processes appear in the study of
stellar dynamics. The time fractional derivatives thang

respectively. Let us also mention that whﬁng, the

@ been found to be very effective means to desctilge t
u+|xf A)? (g uF ht,x)|V] anomalous attenuation behaviors. It is absolutéarc
@ o that our system (1) is more general than thosed cite
V1+|XF{(—A)2(321U}* tA) (a, V}‘ k(t,x) | w| above. We use a versatile method which has been
1) employed by Pohozaev and Tesei (2000) and used by

% o % Hakem (2005). Before setting our theorem concerning
WoH|XT CA)? (B U EA) (@ VIF €4 ) @aw (1), let us define the solutions we use.
=I(t,x)|u[ u(,x)= 0, v(0,xe 0, w(0,xx O 1.1. Main Results

Let L'.((0, T) x IR, | dtdx) be the set of all

functions u: (0, T) x IR— IR such thafx |u[ | dt dx <o
for any compact KJ (0, T) x IR.

Definition 2.1;

where, p, g, r > 0 and real; are measurable, positive
bounded functions and the nontrivial nonnegative
functions h, k and | are assumed to satisfy Eqo&tio

O<h(R'T,Ry) = O The 3tuple (u, v, w) such that &l C([0, TI;
O<k(R'T,Ry) = O(R) @ L grY)nC(o, TI; Ly, (0, T)XIRY, I dtdx)), vIC([O,
O<R'TRY) = O(R) ] L (IR))ACAO, TJ; L% (0, T)) IR, h dtdx)) and
. wic([o, TJ; L. (IR)AC(O, TJ; L%, (0, T)) IR, k

The nonlocal operaton® =(-A)z is defined by: dtdx)) is called a solution to system (1) if:

By(x) = o
ANE) =R F RO 00 [hIVEE==] , ut O] d,-[ 1x1 a uta 32
for every vO D(AP) = H}(IRY), where H(IRY) is the
homogeneous Sobolev space of oftidefined by:

JKIWFT==[, v2©- ] & -] Ixt 3,uta ¥

HE(RY) ={u 08", APuD C(R")}if BN, (H)12- [IxFasvenye
HP(IRM) ={u OLXIR ™; AR OLYIR B} if BON Jurz==] wz(0-[ v, -] Ix]
where, S' is the space of Schwartz distributiortsene F uUEA)2 T+ 3, VEA )2 L+ ay WEA L

denotes the Fourier transform and Fs inverse, h(x, t)
is positive function satisfies certain growth cdiafi.
The fractional Laplacian\® is related to Levy flights in ~ for any nonnegative test functidfi C; (IR" x IR") with
physics. Many observations and experiments relaged (T, x) = 0. If T = 40, we say that (u, v, w) is a global
Levy flights (super-diffusion), e.g., collective isl  weak solution.

diffusion on solid surfaces, quantum optics or Here, we require that the initial data are such ¢ha
Richardson turbulent diffusion, have been perforrimed |ocal solution exists. Our result is.

recent years. The symmetfiestable processe$ (1 (0,

2)) are the basic characteristics for a class ofpjag Theorem 2.1

Levy’s processes. Compared with the continuous [et (u, v, w) be a solution of (1) such thaf w, Wo>
Brownian motion § = 2), symmetri3-stable processes 0. Let pqr > 1 and:
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rfu+a, —a+pa,-B-20+K+ qe= o )|+ A+ 2 (o, —y-2)+ A +2

-1
(K) n<min par

r-1

rla, +K=B+q(s~y=2)[+A+2 fu+o, —a+ pl;-y= 2)[+A+ 2

qr-1

Then every nontrivial solution of (1) blows up in
finite time.

Pr oof

(1

~

As u(0, x), v(0, x), w(0, x> 0, using (H) we
have, for{ > 0 Equation 3-5:

[hIVPZs Tulke # o JIf, 1R1 Tuti 2R &)
JKIWFZ<[ VIR b o U, 11 Tute ) @)
U+ lla, U, I¥TIvIHA 3T |

[lurzsfiwik, b lia dif, 1X11ute X+ ba, )

> %
[IXVIVIEART b lla dIf, 1XTIwHe 22 |

where, |lall. = max|lai. To estimatelglultl, we

observe that it can be written as:

BRI

Jlulk, £, 10 (a) & (2)

using Holder inequality, we have with%+—1=1
rr

Equation 6 and 7:

Jolutk, k(] I|u'|<):UQ o a)’%j

S

(6)

JIxFlullea ¥ s(jQHuwa)'[jQ ERIRIRL: fﬂr(ﬂ
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_p a3 B f 9 B F
Jx PP () P ) g Peen [ IXY ()7 €4)2 1< [ E1(2)7r <o0

25

pr—-1

The proof is by contradiction. Let (u, v, w) be a
global solution of (1) with pgr > 1 and suppose (K)
satisfied. Let; be a nonnegative test function such that:

JIx[ ()7 168)2 2 <o [ IxP @) 1€8)7C <o [ §,'1 @) <o

4 o . I ag _a
JJIx P 02) 02 L P<oo [ 1xP (@)P 1€8)2CP<oo, [ [T F (€)% <0

Next, we set:

=

1

+c[jo|xr“ @) 1€0)7 1}

¥

Adla =[JQI ¢ f (IZ)“]

1 1

X =(jQ||u r z)’ and Y=(jQ hlvﬂZ)p
Then using (6) and (7) in (3), we obtain Equation 8
YP<X A;'ful (8)

We also have:

ij|wrzs(th|vrz)§ A+ c(jQuuM)% R
And:

1
r

jQ||urzs(ij|wfz)§ A+ o(jQ||u1z)

+c(th|vrz)i A?

v.ag.p.h

A(Z)

\2-ynal

1
If we setZ:(_|'Qk|w[‘Z)q then we can write

Equation 9 and 10:
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) @)
2i<yY Ag; +C X Agiyn 9)
X'<ZA% +cxA®  4+cyY Al (10)
YV.0g Yilgrl y.05,p.h
So Equation 11 and 12:
P P
zM<C Y”[AE:SJ +C X p[A &w} (11)
2] pq
X >C qu[Aq,k } +C qu[A(Z) ]
V.0g y.ogrl 12)
2] (
+C qu|:A(2) ]
y.a5.p.h
Inserting (11) in (12), we get Equation 13:
Pq p
XP<C Y”[Aq'k ] [A "'“}
Y.dg B.ag
P 2] 2 p
+C XP[Aj‘uJ [Aég’z’”] (13)
+C XM |:A(2) ]pq +CY PQ[A(Z) ]pq
yV.0g.0l y.ag.,p,h
Using (8) in (13), we obtain:
2] p
xmsc x[ar, J[az agn |
a,0q Y.ag Bag
+C x"[A“"k ]pq[A@) ]p
V.ag Bay,rl
+C X" A ]pq +CX|AD Tq AL T
Zrmal y.ag.p,h a gq
which we write as Equation 14:
XPrt<a+ bXP 1+ cXPT i+ dX @ (14)

With:

LA LAICAR I
a,0q y.ag Bog |’ Vag Bapr,

c:c[A@ Tq d:o[A@) TQ[A”' ]q
V,04.1,! ’ y,ag,p,h apq

Here C denotes a constant that may change in

different occurrences. Now, by using theYoung
inequality, we obtain Equation 15:

bXP <X i+ C(e)b™; m, =PI "L i+ﬁl -1 (15)

p-1"m,
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Similarly Equation 16 and 17:

cXPi < eX pqr'1+C(.s)bmz; m, = par= 1,—1+—1 =1 (16)
pg-1'm, m
-1 -1 o paqr-1 1
dX9 < eX P+ C(e)d™; m3=7,ﬁ+—:1 a7
P 3

C(e) has a different meaning in 15, 16 and 17. Taking
small enough and using-1¥ in 14, we obtain Equation 18:

(1-3)XP < a+ ce{ B+ &2 4 3“3} (18)

Next, we considep [0 CX(IR; IR) such that:

1 for
0 for

r<1i
r=2

<P(r)={

and O< @< 1 for any r > 0. If we set:

Z(t.x)=(\0{t+R§ J R>0

and taked large enough, we ensure the validity of the
requirement (I) at the beginning of the proof. Atst
stage, we introduce the scaled variables:

T=tR?, y=xR*
We have:

asCR?, xCR", «c CR d& CR

Where:

k
+pq{v—ae-q+

o -2 2ol
p p
S, =P &~ W=k +( 2+ 1)

oo, 242000

o}
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2 A+24r|p+a, —o+ -B-2q+K+ opt—
S, =pq[y_7\_a4+( +n)(r+ o fu+o, —a+pl,-B-2q+k+ g~ )]
r r par-1
s, = oy m-p+( 2+ f( pr )] . SA+2+r[a2+K—B+q(ae—v—2)]
A (2+n)(r-1) ar-1
+q{a—al—r+ r A+2+r@,-y-2)
- r-1
Now, we require: A+2+ r[uﬂ-xl —a+plg-y- 2)]
n <
5,0, §<0, $< 0, g< pr-1
which are, respectively, equivalent to: in other words:

< i rfu+a, —a+p@,-B-20+K+ o= o/ )|+ A+ 2 (a, —y—-2)+ A +2
B par-1 r-1

rla, +k=B+q(@,—y=2)|+A+2 fu+o, o+ pa;-y= 2)|+A+ 2
qr-1 ' pr-1

We have two cases: and let R— o. The right-hand side goes to zero while the
left-hand side is assumed to be positive. A coiittach.

e Either $< 0, $< 0, $< 0 and < 0. In this case, we Remark 2.1
let R - o in (18) to obtain: '
When the system (1) is diagonaj,(a &; = a, = 0),
lim XP*1=0 the inequalities (8-10) become:

R - +00
rl ,h r Kk
Hence u= 0; this implies via (8) that v 0 and YPSAG,%’ zquAE’%, X<ZA 3%
finally w = 0 from (9). That is a contradiction
e Ors<Oorg<Oors<Oorg<o,i.e., atleast one
of the exponents is not zero. In this case, we get:

which combined leads to:

qur—l < Ar.l Aq,k P Ap-h p
- a,aq V.0g B,u3
lim XP"!<C <o a
R - 400 qur—l < |:Ap,h :|[A q.k :| |:A rl ]rq
- B.ag v.ag a0q

SO: qur—l < |:Aq,k ][A rl j|pq|:A p.h i| pr
V.0g a,0q B.ag

lim [, ¢ =0, whereQ.= {(t,x):R < t+] X < 2R }
Roted OR Now, if we use the scaled variables, we obtain:

Now we write (8) in the form:

qur—l < R“ly Y Par- 15 ROZ , Z Par 1S R“s
J‘QRhMrZ S(JQR”U‘rZ )A;',Ial where:
01=_0“0‘1‘%+w_+D[CN—K‘CP‘6+(2+ n)(q— {l*’[ B-u- [13"'( % M P )39
o.=|p-0, -+ CHUI ] g n (20 )1 9] [ (2 ) )
03—_y—0(6—q+(2+nqq_])_+r[pﬁ—u—pa3+(2+ n(p- ﬂ+[ o-A-o, +( 2 ) ﬂ
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